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KporoB Benmamun I'puropbeBuv — JIOKTOpP (PUBUKO-MATEMATHICCKUX
HaykK, 1podeccop, npodeccop Kadeipbl Teopun pyukiuit bejiopycckoro ro-
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OBIIASI XAPAKTEPUCTUKA PABOTHI

AxkTtyanabHocTh TeMbl. B konme XX Beka 3apojid/ioCh HOBOE HaIIPaB-
JIEHUEe B T€OMETPUIECKOM aHaJIM3€e, U3BECTHOE KaK AHAAU3 Ha MEMPULECKUT
npocmpancmear ¢ mepot. [loj MeTpuvecKuM 1IPOCTPAHCTBOM ¢ Mepoil (Jia-
Jee M.IL.M.) 00bIaHO oHuMatoT Tpoitky X = (X, d, i), B koropoii mapa (X, d)
— MOJTHOE cerapabesibHOe MEeTPUYIECKOe TTPOCTPAHCTBO, a [i — DOPEJIEBCKU Pe-
I'yJasIpHAsi BHEIHsIST Mepa, MPUHUMAOIAsi KOHEUHbIE MOJIOXKHUTETbHbIE 3HA-
YeHUsI Ha BCeX IIapax IMOJOXKHUTEIbHOro pajauyca. IIpm 3ToM B mociemnue
roJIbl AKTUBHO n3ydatorcsa M.i.M. X = (X, d, i), B KOTOPBIX Mepa, i 0bJ1aaer
ceoticmeom ydeoenus, a Best Tpoitka (X, d, () JOMycKaeT COOTBETCTBYOIIEE
nepasencmeo Ilyankape, CBSI3bIBaIOIIEEe YCPEIHEHHBIE 110 MapaM OCIUJLISI-
IUU JIMIIIANEBLIX Ha X (PYHKIUNA CO CPEJIHUMU OT UX JIOKAJbHBIX KOHCTAHT
JInmmmna. Takue m.mM. Oyaem majiee Ha3bIBATH JONYCIMUMBLMU TPOCTIPAH-
cmeamu. C OIHOI CTOPOHBI, B CUJIY CBOWCTBA YJBOCHUS (i, JOMYCTUMBbIE TTPO-
CTPAHCTBA JIOKAJHLHO KOMIAKTHBI, & II09TOMY ODeCKOHeIHOMePHBIE 3(DhEeKThH B
HUX HucKJodeHbl. C Ipyroit CTOpoHbI, KJIacC JOIYCTUMBbIX IIPOCTPAHCTB BECh-
Ma IMUPOK M BKJIIOYaET B ce0si KOHETHOMEPHBIE €BKJINIOBHI TPOCTPAHCTBA,
cHabKénubie BecoBoit mepoit Jlebera ¢ Becom u3 kjacca Makenxayiira, pu-
MAHOBBI MHOT00Dpa3usI ¢ OrpaHUIeHHO} CHU3Y KPUBU3HON Puudm, rpymnmo
Kapno, cHabxK€HHBIE COOTBETCTBYIOIIEH Mepoii Xaapa, a TaKKe Pa3JndHbIe
¢bpakrasbl. HejaBro Havuaia MHTEHCHBHO PA3BUBATHCS TEOPHST TaK Ha3bhIBAEC-
Mbix RCD (K, N)-npocrpancts, Beaénubix H. [xuapu' 2, Ilpn K > —oo,
N < +00 3Tu IPOCTPAHCTBA SIBJIAIOTCS €CTECTBEHHBIMU JIaJIeKO HJIYIUMU
0DODIIEHNSIMI KJIACCHIECKIX PUMAHOBBIX MHOTOODPa3uii, y KOTOPHIX KPW-
Busna Puaum orpanuyena cauzy K, a pasmepHOCTb OrpanudeHa csepxy V.
13 pesyabratos T. Paitana’, cieyer, uro RC'D(K, N)-npocTpancTBa J0Iy-
cruMbl VK > —oo u VN € [1,400).

[TockosibKy HasaMe KakOH-u00 JOMOJHUTENIBHON CTPYKTYPHI Y JIOIY-
crumoro tpocrpancrsa X = (X,d, ) aupuopu He npejnosaraercs, 60Jib-
IIIMHCTBO M3BECTHBIX K HACTOAIIEMY BPEMEHU UCCJIE0BAaHMI OBLIO MOCBIIE-
HO TTOCTPOEHMIO TaK HA3BIBAEMOTO aHAJIM3a, TIEPBOTO TOPSIIKA, HEOTHeMJIEMOit
JaCThI0 KOTOPOTO siBJIsieTcsi Teopusi npocTpanctB CobosieBa nmepBoro mopsii-
Ka, Wpl(X) mpu p € [1,00]. CoBpeMeHHOe COCTOsTHEE TEOPUH MPOCTPAHCTB

!Gigli N. On the differential structure of metric measure spaces and applications // Mem. Amer.
Math. Soc. —2015. — Vol. 236. — Ne1113.

2Gigli N. Nonsmooth differential geometry - An approach tailored for spaces with Ricci curvature
bounded from below // Mem. Amer. Math. Soc. — 2018. — Vol. 251. — Ne1196.

3Rajala T. Local Poincaré inequalities from stable curvature conditions on metric spaces //
Calc. Var. Partial Differential Equations. — 2012. — Vol. 44. — P. 477-494.



T/Vp1 (X), p € [1, 0], orpaskeno B negasuux Monorpaduax®?® u o6zope’.

Ecnu ponycrumoe mpocrpatcrso X = (X, d, 1) obiagaer HEKOTOPOii J10-
MMOJIHUTEJILHON CTPYKTYPOIl, BO3MOXKHO COJieprKaTeIbHOE MOCTPOEHNE TEOPUN
upocrpancrs CoboJiesa W]ﬁ(X) upu [ > 2 u p € [1,00]. Tak, naupumep, ec-
mu X asngerca RCD(K, N)-npocrpanctsoM, To, Kak nokazan H. Jlxunpu?,
npocrpancrso Cobosera Wﬁ(X) COZICPKUT BEChMa, DOraThIil 3a1aC TECTOBLIX
dbyukiuit pu Beex p € [1, 00]. Eciu ke X — pumanoso muoroobpasue, cuab-
JKEHHOE COOTBETCTBYIONIEH Mepoil, TO IPOCTPaHCTBA W]ﬁ(X) HETPUBHUAILHDI
npu Beex | € N u p € [1, 00](em.”).

Hecmorpst Ha 9pesBbIIaiiHO WHTEHCHBHOE PAa3BUTHE TEOPUHU TTPOCTPAHCTB
CobosieBa Ha, JIONYCTUMBIX HPOCTPAHCTBAX, HEKOTOPHIE €CTECTBEHHBIE ITPO-
OJIeMBI OCTAIOTCSI OTKPBITBIME. [loxkastyit, oamna n3 HanboJiee TPYAHLIX W WH-
TPUTYIOIUX W3 HUX — 3TO Npobaema cieda, TO €CTh 3aj1a9a mouH020 GHYm-
PEHHE20 ONUCAHUA CJiejl0B GyHKIMHA n3 npocrpancrs CoboJiesa Wé(X) pu
[l eN, pe [1, oo] HA NPOU3BOALHBLT 3AMKEHYMDBLT TOAMHOXKecTBax S C X,
Hedopmaabao (Mbl MOKa OCTaBJIEM B CTOPOHE TOTHOE ONPEJICJICHUE CJIEa
cob0J1eBCKOI (DYHKIIMM, KOTOPOEe caMo 1Mo cebe HeTPUBHAJILHO) OHA MOXKET
OBITH TTOCTABJICHA CJICJIYIONINM 00Pa30M.

IIpo6siema ciieqoB mpoctparcTB CobosieBa. [lycts p € [1,00], | €
N, a S — 3aMKHyTOe HEIyCTOe MOJMHOXKECTBO JOIYCTUMOTO IIPOCTPAHCTBA
X = (X,d, p). Hdust 3anaunoii byukuuu f .S — R waiitu ycjaosusi, KOTO-
pble HeOOXOIMMBI ¥ JOCTATOUHBI JIJIsT CyIecTBOBaHUs pyHKIUU F € W}ﬁ(X)
Takoit, uro cien F' Ha S coBmajnaer ¢ f.

CronT OTMETHTH, 9TO B TMOJIHON OOITHOCTH yKasaHHasi 3aJa9a dpPe3BbI-
YaitHo cjioXKHa. boJiee Toro, jlaxke BecbMa 4acTHbIN €€ ciydail, OTHOCSIIUICS
K IIPOCTPAHCTBAM VVp1 (R™), ocraérest OTKPBITOi PoOJIEMOil Ha TPOTKEHUN
yke mouru 70-tu Jier. Bosbinas dacTh auccepranuy MOCBSIITIEHA PEHICHUIO
pobsieMbl ciiesioB npoctpancTs CobosieBa jJisi BeChMa MUPOKUX KJIACCOB 3a-
MKHYTBIX [OJMHOXKECTB S PA3JIMIHbIX METPUUECKUX HIPOCTPAHCTB ¢ MEPOIi.

CTout OTMETHUTD, ITO TPODJIEMe Cjie/ia MPEeIIeCTBOBAIA TaK Ha3biBaeMast
npobsiema X. YUTHM, KOTOPasi 3BYUUT CJIEJIYIOIM 00Pa3oM.

IIpo6aema Yuran. Ilycrs [,n € N, a S C R" — 3amkuyToe Hemycroe

4Bjorn A., Bjorn J. Nonlinear Potential Theory on Metric Spaces, Vol. 17 of EMS Tracts in
Mathematics, European Mathematical Society (EMS), Ziirich, 2011.

SHeinonen J., Koskela P., Shanmugalingam N., Tyson J. Sobolev spaces on metric measure spaces: An
approach based on upper gradients. Cambridge University Press, United States, 2015.

6 Ambrosio L., Colombo M., Di Marino S. Sobolev spaces in metric measure spaces: reflexivity and
lower semicontinuity of slope, Variational methods for evolving objects // Adv. Stud. Pure Math. — 2015.
- Vol. 67. — P. 1-58.

"Hebey E. Nonlinear analysis on manifolds: Sobolev spaces and inequalities. Courant Lecture Notes
in Mathematics, vol. 5, New York University, Courant Institute of Mathematical Sciences, New York;
American Mathematical Society, Providence, RI, 1999.



MHOKecTBO. g 3agannoit pyukmun f .S — R HalTH ycaoBust, HeoOX01-
MbI€ U JIOCTATOUYHbIE JIJId CyIecTBOBaHuA (PyHKIUU F € CZ(R”) TaKoil, 9TO
norouedHoe orpanndenve I na S cosnajaer ¢ f.

YKazaHHast 3ajlaua OKazaJjach CTOJIb CJOXKHA, 4TO caM X. YUTHU pPeliui
ee TMOJIHOCTBIO JIIIb B cliydae 1 = 1 B cBoell 3HAMEHUTO pabore®. B MHO-
TOMEPHOM CJIydae WM ObLI perer OCJaabJeHHbIi BapUaHT ITOH MPOOIeMBbI.
Hedopmaibuo rosopst, npu n > 1 X. Yurnu nokaszan”, Kak 11poJi0JzKaTh
dbynkmuio f ¢ 3amkayToro Muoxkectna S C R", ncnosb3yst He TOJBKO 3HA-
yenus f Ha S, HO M 3HAUYCHHWS TAaK Ha3bIBAEMbBIX JI)KETOB Ha S, KOTOPHIE
aroCTEePUOPH WTPAIOT POJIb CJIEI0B MJIAJINNAX MPOU3BOIHBIX MTPOIOIKEHHOI
dyukuuu. Jlumb Hejlasuo, ciycrs dosiee yem 70 jier nocse pador X. Yurhu,
TIOJIHOE perreHne mpooeMbl Y UTHH, a TaK¥Ke JPYTUX TECHO CBI3aHHBIX ¢ Hell
3aJ1a4 66110 nosrydeno Y. Oeddepmanom V12,

Takum obpaszom, mpobsiema ciie1oB ipocTpancTs CoboJIeBa, STBIISIETCS €CTe-
CTBEHHBIM IIPOJIOJI2KEHHEM U 0DODIIEHNEeM KJIACCHUIECKON ITPodeMbl Y UTHH,
a TIOTOMY TIPEJICTABJIsIET He MEHbINYIO TPyJAHOCTb. [Ipyu 3ToM B oTstmame OT
pobJieMbl YUTHH, 1pobsema cienoB mpocrpancTs CoboJieBa 0UeHb TPYIHA
Jlaxke 11pu [ = 1. Ykazanubie (paKThl HE CTOUT CUUTATH €J[MHCTBEHHOMN 1TPUYn-
HOM aKTyaJIbHOCTH 3aJ1aur. [leiicTBUTEIbHO, MMEHHO 3a/[a4a XapaKTepu3aIuu
cieqos pocrpancts CobosieBa Wlﬁ(R") na maockocrax R mpu p € (1, 00),
I,neN,n>2 de{l,..,n—1} npusesa K CO3JJaHUIO TEOPUU IPOCTPAHCTB
Becosa BY (R?)(cm.'®). Hakomern, npoGuema cienos npocrpancrs CoGoste-
Ba MMEET eCTECTBEHHbIEe NMPUJIOKEHUsS B KPaeBbIX 3ajladax JiJisd ypaBHEHUl

15 (em. Takske ceblikn B 9TUX paboTax).

MaTeMaTuIecKoit (pusnkm
Bce usBecTHbIE /IO HACTOAIIEIO BPEMEHU PE3YJIbTAThI, KACAIOIUECHd TPO-
OJIeMbI cJIe/ia, MOYKHO YCJIOBHO Pa3JIeJInTh Ha mpu boavuiue 2pynno.

K nepesoti epynne oTHOCATCS pe3yJIbTAThHI, MOJYUYEHHBIE I IPOCTPAHCTB

8Whitney H. Differentiable functions defined in closed sets. I // Trans. Amer. Math. Soc. — 1934.—
Vol. 36. — Ne2. — P. 369-387.

Whitney H. Analytic extension of differentiable functions defined in closed sets //
Trans. Amer. Math. Soc. — 1934. — Vol. 36. — Nel. — P. 63-89.

0Fefferman C.L. A sharp form of Whitney’s extension theorem // Ann. of Math. — 2005.— Vol. 161. —
Nel., — P. 509-577.

HFefferman C.L. Whitney’s extension problem for C™ // Ann. of Math. — 2006. — Vol. 164. — Nel. —
P. 313-359.

2Fefferman C.L. C™-extension by linear operators // Ann. of Math. — 2007. — Vol. 166. — Ne3. —
P. 779-835.

13Becos O.B. Hccmenopanme OTHOTO ceMeicTBa, (PYHKIHOHATLHBIX IPOCTPAHCTE B CBA3U C TEOPEMAMH
Bioxkenns u npogokenns // Tp. MUAH CCCP. - 1961. — T. 60. — C. 42-81.

1 Lahti P., Maly L., Shanmugalingam N. An analog of the Neumann problem for the 1-Laplace equation
in the metric setting: existence, boundary regularity, and stability // Anal. Geom. Metr. Spaces. — 2018.
- Vol. 6. — Ne1. — P. 1-31.

15Eriksson-Bique S., Giovannardi G., Korte R., Shanmugalingam N., Speight G. Regularity of solutions
to the fractional Cheeger-Laplacian on domains in metric spaces of bounded geometry // J. Differential
Equations.— 2022. — Vol. 306. — P. 590-632.



Wé(R”) upu [ € N, p > n 6e3 kakuz-11u00 dONOSHUMEALHBIL TPEONON0NHCE-
Hut 0OMHOCUMENbHO pe2ysaprocmu MEOXKecTBa S C R"™, Ha KOTOPOM M3yHUa-
ercst cieji. CoryracHo u3BecTHO Teopeme Biaokenust CoboJieBa, B 9TOM CJIydae
JUIS KaxKJloro ajieMenrta F' € Wé(R”) (paccMaTpuBaEeMOro Kak KJace SKBH-
BAJIEHTHOCTH (DYHKIII 10 MOJLYJIIO WX COBMAJEHWsT Ha MHOYKECTRE Je0eroBoi
Mephbl HyJIb) cymectsyer npeacrasurens F € CI71(R™). Dror dakr nosso-
JISIET U3y4IaTh CJAELI IPOCTPAHCTB Wé(R”) HAa, JTIOOBIX HEMYCTHIX MOIMHOXKE-
crBax R". Bosbiiyio posib B pa3BUTHH 9TOIO HAIPABJIEHHS CHITPAIH PaOOTHI
I1. [IIsapumanal® 1?18 a rakske comecrrbie padors: Y. Peddepmana u ero
yuenukop'?20:21Crour ormeruts, 4ro ciaydait p € (n,o0] okasbiBaeTcs Cy-
MEeCTBEHHO OoJiee TPOCThIM, Hexenn ciaydaii p € (1,n]. I'pybo rosopsi, npu
p > n dyuknun n3 npocrpancTs CobosieBa BegayT cebsi HACTOJBKO XOPOIIIO,
9YTO perieHne 3a/a49u O cjaeje He Tpedyer, 1o KpaitHeit mepe B caydae [ = 1,
rJIyOOKOTO aHaJn3a FeOMeTPpUN MHOXKeCTBa, S.

Ko emopoti epynne cineayer OTHECTH pPe3yJIbTATLI, KOTOPbIE MOJIYUEHbI B
Jranazone mapaMerpos p € (1,00) st docmamouno pe2ysApHulT TOIMHO-
x)eers joiycrumbix npocrpancts X = (X, d, ). Jeiicruresbio, Kak orme-
JaJI0Ch BBIIIE, faxke B caydae X = R amaan3 ciaenoB (QyHKIHUH U3 mIpo-
crpancts CoboJiesa Wpl(]R") npu p € (1,n| npuHOCHT MacCy TPYIHOCTEI.
PestoMupysi, MOXKHO CKa3aTb, 9TO BCE, 9TO OBLIO M3BECTHO JI0 HACTOSIIE-
ro BpeMeHHu o mpobyieMe cJiefla BO BCeM Juana3one mapamerpos p € (1, 00)
~ 310 onmcanue ciaenos yHkimiit u3 npocrpancrs Cobosesa Wpl(X), p E
(1,00), Ha Tak Ha3bIBAEMbBIX KOperysasipubix 1o Asbdopcey-/lasumy MHOKE-
crBax. B ciyuae, eciu X — puMaHOBO MHOIooOpasue ¢ Mepoil, 1OPOXKIEH-
Hoit popMoit 00bEMa, TaKHe MHOXKECTBA MOYKHO PAaCCMATPUBATL KaK €CTe-
cTBeHHbIe 00001eHust nogmuoroobpasuii. Ilpu 6 > 0 muoxkecrso S C X
HazbIBaeTCs O-koperyaspabiM Mo Asbdopey—aBuy, ecir 0HO 3aMKHYTO 1
(B, (2))/r% ~ Ho(B,(x) N S) npu sBeex (z,7) € S x (0,1]. 3uech u ja-
nee depe3 B.(r) ob03HAUEH 3aMKHYTBIN IIap ¢ MEHTPOM B T pajuyca r, a
yepes Hy — O-xopazmeprocTHast Mepa Xaycaopda. st mpou3BOSIBHBIX 10~
yCTUMbBIX MeTpUIecKux npocrpancts ¢ mepoit X = (X, d, ) 3aga4a o cie-

16Shvartsman P. Sobolev Lg—functions on closed subsets of R? // Adv. Math. — 2014. — Vol. 252. —
P. 22-113.

7Shvartsman P. Whitney-type extension theorems for jets generated by Sobolev functions //
Adv. Math. — 2017. — Vol. 313. — 379-469.

18Shvartsman P. Sobolev functions on closed subsets of the real line // J. Approx. Theory. —2020.
Vol. 250. — Ne105327.

YFefferman C.L., Israel A., Luli G.K. Sobolev extension by linear operators // J. Amer. Math. Soc.
2014. — Vol. 27. — Nel1. — P. 69-145.

2OFefferman C.L., Israel A., Luli G.K. Fitting a Sobolev function to data I // Rev. Mat. Iberoam. —
2016. — Vol. 32. — Nel. — P. 275-376.

21 Fefferman C.L., Israel A., Luli G.K. Fitting a Sobolev function to data II // Rev. Mat. Iberoam. —
2016. — Vol. 32. — Ne2. — P. 649-750.



nax npocrpancts W (X) perena Bo Beem amanasone p € (1,00) s 6-
KoperyaapHbIx 1m0 Asnndopey-dasuay Muoxects B pabore?? npu 0 = 0, a
B pabore?d npu 6 > 0. Banskne 1o cMbICIY 332491 ONUCAHUSA CJIEJI0B TIPO-
CTPAHCTB WZ}(Q), p € (1,00), na rpanute 02 JOCTATOYHO PEryJIsipHOR 06~

gacTu §) PACCMOTPEHbl TAKXKe B CTaThsx>+ 2920

IIPH JIOTIOJHUTETHHOM TTPEJT-
noJjioxkeHnn O-xoperyssipuoctn rpanuibl 02 mo Anndopcey—Hlasumy. Ecau
X = (R, ]| - [|2,£"), To 3a1aua o caene pemena s upocrpancrs WiHR™),
[ € N, nna 0-xoperynsapubix mo Anbdopcey—lasuny muoxecrs mpu § = 0 B
pabore®” anpu 0 € (0,1) B crarbe?®. Eciu X — rpynma Kapno ¢ coorsercrsy-
I0IIell OJHOPOJIHON HOPMO# 1 Mepoit Xaapa, mpobJiema CJieIoB ITPOCTPAHCTB
Wzﬁ(X), [ € N, na 0-xoperysipubix 110 Asibdopcey-lasuy Muoxkecrsax Obliia
pemena B crarbax> 3. IIpu srom B caydae | > 1 paccmarpuBasach Gosee
mpocTast 3a/1a9a 00 ONMMCAHUY CJIEJIOB JIXKETOB.

Haxkower, ¥ mpemuvet epynne OTHOCITCS PE3yJIbTATHI 110 TPOOJIEME CIIe0B
npocrpancts Cobosnesa WY (X), I € N, u nmpoctpancts hyHKImi orpaHIien-
noit Bapuain BV (X). Takoii ciywait siBsieTcst 0co00 CIOKHBIM, TOCKOIBKY
9T1 (PYHKIMOHATBHBIE TPOCTPAHCTBA OKA3BIBAIOTCS BEChMa, CTIEI(DUICCKITMU
C TOYKM 3peHust 00IIel Teopur 6AHAXOBbBIX MTPOCTPAHCTB (B YaCTHOCTH, OHU

nepedJtekcupHbl ). OTMETHM IpexkJe Beero HejapHue paboTpisl:s2

, TJIe aHa-
JIOrMYHbIC 3324 pettenbl g npocrpancts W(Q) u BV (), usnauasibho
ONPeIeIEHHBIX Ha JIOCTATOTHO perysspHoit obsactu 2 C X, a cjej| uIercs
na rpanute 0f) obmactu (). OnHAKO METOMBI, pa3BUTHIE B YKA3AHHBIX PabO-
TaX, (PaKTUIECKH JAIOT PEHleHrne N3HAYAILHO MOCTABICHHON 3a1aU1 O CJIe/Ie

ToIbKO Tipn [ = 1 st 1-koperyasipabix o Asibdopcey—/laBuiay MHOXKECTB.

ZZShvartsman P. On extensions of Sobolev functions defined on regular subsets of metric measure spaces
// J. Approx. Theory. — 2007. — Vol. 144. — Ne2. — P. 139-161.

23Gaksman E., Soto T. Traces of Besov, Triebel-Lizorkin and Sobolev spaces on metric spaces //
Anal. Geom. Metr. Spaces. — 2017. — Vol. 5. — Nel. — P. 98-115.

24Garcia-Bravo M., Tkonen T. and Zhu Z. Extensions and approximations of Banach-valued Sobolev
functions //arXiv:2208.12594. — 2022.

25Gibara R., Shanmugalingam N. Trace and extension theorems for homogeneous Sobolev and Besov
spaces for unbounded uniform domains in metric measure spaces // arXiv:2211.12708. — 2022.

26Maly L. Trace and extension theorems for Sobolev-type functions in metric spaces //
arXiv:1704.06344 — 2017.

27Shvartsman P. Local approximations and intrinsic characterizations of spaces of smooth functions on
regular subsets of R™ // Math. Nachr. — 2006. — Vol. 279. — Ne11. — P. 1212-1241.

ZThnatsyeva L., Vihikangas A.V. Characterization of traces of smooth functions on Ahlfors regular
sets // J. Funct. Anal. — 2013. — Vol. 265. — Ne9. — P. 1870-1915.

P Bononbanos C.K., ynsimes .M. Ciie/pl 6eccesieBbIX HOTEHITAIOB HA PEry/IAPHbBIX II0IMHOKECTBAX
rpyrmn Kapwo // Marem. Tp. — 2007. — T. 10. — Ne2. — C. 19-61.

30Bonompanos C.K., ymsmes V.M. Crenel dynxnumit u3 mpocrpancTsa CoboneBa Ha MHOMKECTBAX
Anbdopca rpynn Kapuo // Cub. marem. xxypu. — 2007. — T. 48. — Ne6. — C. 1201-1221.

3IMaly L., Shanmugalingam N., Snipes M. Trace and extension theorems for functions of bounded
variation // Ann. Sc. Norm. Super. Pisa Cl. Sci. — 2018. — Vol. 18. — Nel. — P. 313-341.

32Lahti P., Li X., Wang Z. Traces of Newton-Sobolev, Hajlasz-Sobolev, and BV functions on metric
spaces // Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) — 2021. — Vol. 22. — Ne3. — P. 1353 — 1383.



Takum oOpa3oM, aHAJU3 BCEX M3BECTHBIX B MUPOBOM JIUTEPATYPE PE3YiTh-
TATOB IMOKA3BIBAET, UTO JlaxKe JIJId KJIacCuiIecKux mpocTpancTs CoboJieBa mep-
BOTO TTOPSJIKA Wpl(R") npu p € [1,n] 3ajaua o cieje OblLia paHee perieHa
[IPU OY€HDb CUJILHBIX JIONOJIHUTEIbHBIX OIPAHUYEHUsIX Ha MHOXKeCTBO S. [leii-
CTBUTEILHO, HAIIPIMEpP, MHOXKECTBO B R2, TosTydenHOe IPUK/ICHBAHIEM I'Da-
HAYHOW TOYKM OTPE3Ka K OJIHOW TI'paHnYvHON TOYKE JBYMEPHOrO JMCKa, He
MOKeT ObITh f-koperyisipabiM 110 Asibdopey—laBuay uu npu kakom 6 > 0,

a 3HAYUT CJIeJ, TPOCTPAHCTBA I/Vp1 (R?) Ha TakOM MHOXKECTBE HE MOYKET OBITh
U3y4deH C MOMOIIbIO U3BECTHBIX paHee MEeTOJI0B.

CaeroBaresibHO, Jiist JomycTuMbix mpoctpancTB X = (X, d, ) Tpebyercs
HEKOTOPOE eCTeCTBEHHOE Ocsiabienne ycaoBust f-koperyasspaoctu 1o Abgopcey—
HaBuy, 1mMo3BOJIAIONIEE MOJYIUTh JOCTATOYHO IUPOKUI KJIACC MHOXKECTB,
JIJIsT KOTOPBIX BO3MOYKHO KOHCTPYKTHUBHOE OTTMCaHUe ¢JieI0B pocTpancTs Co-
6onesa W) (X) Bo Becem uanasone p € (1,00). B wacrnocru, takoe yciosue
JIOJI’KHO JIOMYCKATh HAJUYINE y MHOXKECTBA KYCKOB Pa3HOil KOPa3MEepHOCTH.
EcTecTBeHHBIM MIArOM B 3TOM HAIPABJICHUHU SBJISIETCA 3aMeHa TpeOOBaHUS
peryJsipHocT Mepbl Xaycjopda Ha TpebOBaHUe peryjspHocTr 00XBaTa 10
Xaycuopdy chuuzy. A umento, nycrs X = (X, d, ) — jioiycrumoe npocrpa-
ctBO. [Ipn 6 > 0 mHOX)KecTBO S C X Haz0BeM 0-Komoacmuvim, €CITU CYIECTBY-
et Takoe A\g > 0, 4T0 )\5@ < Hor (B, (2)NS) mpu Beex (z,7) € Sx (0, 1].
3nech u jlanee Hy, — 0-kopaszmeprocTHblit 00xBaT 1o Xaycuopdy Ha MaciITa-
Ge r > 0, BIepBbIe NCIONB30BAHHLIH JI. AMOPO3HO>3.

CToUT OTMETUTH, YTO MOHATHE H-KOTOJCTOrO MHOXKECTBA SABJISETCA eCTe-
CTBEHHBIM 000DIIIEHUEM TTOHSTHS d-TOJICTOIO MHOXKECTRA, BBeJIEHHOTO B. Phiu-
KoBbIM® st catyuas X = R™. Ieiictsurensno, upu n € N u 6 € [0,n]
MHO)KecTBO S C R” gBisiercd 6-KOTOJICTBIM B TOM U TOJBKO TOM CJydae,
ecsin ono sBasgtercs (n — @)-roscreim B embicsie B. Porakosa. Kiace Beex 6-
KOTOJICTBIX MHOYKECTB COJIEPXKHUT KJIACC BCeX O-KoperyaspHbix 1o Anbdopcey—
HaBujty MHOXKECTB, HO BOODIIE TOBOPSI SABJISIETCS CYULECMBEHH0 Doaee Wupo-
kum. Hanpumep, jioboe JTUHEHHO CBA3HOE MOIMHOXKECTBO KOMIAKTHOIO PH-
MaHOBa MHOIooOpa3usi, cocTosiIee bojiee 9eM U3 OJHON TOUKH, sIBJISeTCs 1-
KOTOJICTBIM, HO HE SIBJISIETCsT, BOOOIIE rOBOPst 1-KoperyJisipubiM 110 Ajibgopcy—
Hasuny. Bosiee TOro, MOXKHO TPUBECTH MPUMEPHI #-KOTOJCTHIX MHOXKECTB,
KOTOpPBIE SABJAIOTCA OObeMHEHUEM CYETHOTO CeMeicTBa KOPEryaspHBIX 110
Anbsdopey—aBuay MHOXKECTB MOMAPHO PAJIMIHON KOPAZMEPHOCTH.

33 Ambrosio L. Fine properties of sets of finite perimeter in doubling metric measure spaces // Set
Valued Analysis. — 2002. — Vol. 10. — P. 111-128.

34Rychkov V.S. Linear extension operators for restrictions of function spaces to irregular open sets //
Studia. Math. — 2000. — Vol. 140. — Ne2. — P. 141-162.



B nemaBuux craThsax>?30

M3YUeHbl Pa3JIMIHbIe TOHKHE IMeOMETPUIECKUE
cBoiicTBa d-rosicThix MHOXKecTB B R” 1 € N. B ciryuae obmux m.mm. (X, d, p)
COOTBETCTBYIOIIME MHOXKECTBA PACCMOTPEHBI B JINCCEPTAINN BIIEPBHIE.

CronT MOJYEPKHYTh, 4TO PEIIeHNE 3a/1a91 O CJIEJIE B CTOJIb DOJIBINOH 0011
HOCTH IOTPeOOBAJIO BBEJIEHUS B JUCCEPTAIME MHOIMX HOBBLIX MOHATHH 1 Me-
Tosi0B. Hanpumep, B nipejiiecTByonmx paborax Mepbl Xaycjopda sBJIsiJINCh
OCHOBHBIM WHCTPYMEHTOM, TTO3BOJISIIOIIMM KOPPEKTHO 3aJi1aTh HOPMY B IPO-
CTpAHCTBE cJIeI0B. B ciaydae 0-KOTOJICTBIX MHOYKECTB UCIIOIL30BAHNE Mep Xa-
ycjopda okasbiBaeTcsa HedPEKTUBHLIM. BoJiee Toro, jjs TaKuX MHOXKECTB
HE CYIIECTBYET OJIHOM KaHOHUYECKON Mepbl, KoTopas Obljia Obl XOPOIIo Mpu-
c11oco0JIeHa, JIJIsi PelleHus 3a/ladu O cJjejax. B obiieM ciydae npuxouTcs
npuberarh K IeJI0i IOCIe0BaTeILHOCTH Mep. B auccepraliun BBeIeHbI CIie-
IHAJIbHBIE KJIACCHI TTOCIEe0BATENILHOCTEl DOpPEIeBCKUX Mep, Ha3BaHHBIX O-
KoperysastpabiMu. HedopmabHO 1OBOPsi, MCIOJB30BAHNE TTOCIEI0BATEIHHO-
CTH Mep BMECTO KaKOH-1100 OTIEILHO B3SITOH MEpPhI MOTUBUPOBAHO TEM, UTO
f-KoTOJICTOE MHOYXKECTBO MOXKET BBIIVISIJIETH II0-Pa3HOMY Ha “pa3HbIX MACIITa-
bax”. Kaxkmast Mmepa n3 -KoperysisipHoOil 10C/Ie[0BaTeIhbHOCTH aIallTHPOBAHA,
110/, COOTBETCTBYIOIIUI MaciiTa.

OTMeTuM Tak:Ke, UITO B JUCCEPTAIANA PACCMOMPEHO HATPABAEHIUE, TECHO
IPUMBIKAIOIIEe K 3a/a9e O CJejie U CBI3aHHOe ¢ IPO0IeMOil TOPUCTOCTH MHO-
JKECTB B €BKJINJI0BbIX npocTpancTBax R™ n € N. BoJjiee Touno, jjis 3ajiaH-
HOrO Hemycroro muoxkectBa S C R" u mapamerpa d € [0,n) Mbl u3ydaem
BOIIPOC O HAJMUMKM S-10JIocTeil B Kybax (), TO ecTb “JIOCTATOYHO OOJIBIINX
OTKPBITHIX MHOXKeCTB U C @\ .S, npu yeIoBUHT “OCTATOYHON MAJIOCTH COOT-
Bercrytomero ooxsara 1o Xaycaopdy HE (Q N S). HackonbKo Ham n3Bect-
HO, B TaKO#l IMOCTAHOBKE 3aJiava paHee He paccMaTpHBajach. B HeKOTOpoM
CMbICJIe oDpaTHasl 3ajada H3ydajgach MHOTHME aBTOpaMu paHee. A nMeH-
HO, BEChMa, TTOJIPOOHO B JIUTEPATYPE OCBEIIEH BOIPOC O BINSIHUU TOPUCTOCTH
MHOXKECTBa Ha ero XaycjaopdoBy pasmepHocTb. ['pybo ropopsi, panee ObLIO
ocoznano®" 3839 qro ecm Bee KyObl JOCTATOYHO MAJIOro AUAMETPA C I[eHTPa-
MU B MHOYKECTBE S MMEIOT JIOCTATOYHO DOJIbITHE KyOn4ueckne S-1moJ0CTH, TO
Pa3MepHOCTh MHOXKECTBA S CTPOIrO MEHbINE 1. XOTsI PacCMaTpruBaeMasi HaMu

35 Azzam J., Schul R. An analyst’s traveling salesman theorem for sets of dimension larger than one //
Math. Ann. — 2018. — Vol. 370. — Ne3-4. — P. 1389-1476.

36 Azzam J., Villa M. Quantitative comparisons of multiscale geometric properties // Anal. PDE. —
2021. — Vol. 14. — Ne6. — P. 1873-1904.

3TKoskela P., Rohde S. Hausdorff dimension and mean porosity // Math. Ann. — 1997. — Vol. 309. —
Ne4. — P. 593-609.

3¥Nieminen T. Generalized mean porosity and dimension // Ann. Acad. Sci. Fenn. Math. — 2006. —
Vol. 31. — Nel. — P. 143-172.

39Galli A. On the Minkowski dimension of strongly porous fractal sets in R™ // Proc. London Math. Soc.
—1991.—- Vol. 62. — Ne2. — P. 353-372.



3a/1a9a PEJICTABJISCT U CAMOCTOSITEbHBIN MHTEpeC, OHa BO3HUKAET JIOCTa-
TOYHO €CTECTBEHHLIM 00pPa30M IIPH pEIIeHNH PACCMOTPEHHO B JUCCEPTAINH
npoGJIeMbl IOUTH TOYHOTO Onucanust ciesos npocrpancrs Cobouesa W) (R”)
upu n € N, p € (1, n] na upoussosibrbix komnakrax K C R”.

Kak ormewasioch Bbime, jaxe B dactHom ciaydae X = (R™ || - ||2, £"),
ecim MaOkecTBO S C R" He obmagaerT HUKAKUMU JOMOJHUTEIHHBIMIA CBOIi-
CTBaMU PEryJisipHOCTH, TO B jiania3one napamerpos p € (1,n) 3ajaqa o cieje
MIPOCTPAHCTB I/Vp1 (R™) ma S Hukorja paHee He paccMaTpuBajach. B muccep-
TAlMM CJIeIaH MEPBLIA Al B 9TOM HAIpaBIeHUH. A MMEHHO, TP KaXKJOM
p € (1, n] nosay4ueHo nowmu mounoe onucaHue Cjejia IPOCTPAHCTBA Wpl(R")
Ha 1pousBoJibHOM KoMuakTe K C R", Ha koropom ciej cyuecrByer. Kiro-
YEBLIM MOMEHTOM 3JIeCh SIBJISETCSI MOCTPOEHUE HOB020 0NEepamopa npodoa-
DICENUA M3 COOTBETCTBYIONIEro npocrpancrsa ciaenos W) (R")|x 8 W(R™).
Bce nzBecthbie panee pabOThI OIMPAJIUCH Ha, HE3HAUUTEIbHY 0 MOAN(MUKAIUIO
MeToJIa MpojoJKeHna X. YuTHu. B nuccepranum npejiyiorkeH HOBBI METO/I,
OCHOBaHHBIN Ha ITyOOKOM aHAJU3e TeOMETPUIECKUX CBOWCTB KOMIakKTa K,
CBsABAHHBIX ¢ 00xBaTOM 110 Xaycaopdy. [Ipeiokentasi KOHCTPYKIUST MOXKET
0Ka3aThCsl MMOJIE3HON 1 B JIPYyTIUX 00JIACTIX M€OMETPUIECKOTO aHAJIN3a U TEO-
pur GYHKIHOHAJBHBIX TPOCTPAHCTB.

B caydae p = 1 B juccepranuu paccMaTpuBaeTcs mpobsema ciiejia Jijis
npocrpancTs CobosieBa, 3aJaHHBIX Ha €BKJIMIOBBIX TPOCTPAHCTBAX ¢ BECOBOI
Mepoii Jlebera, To ectb X = (R" || - ||l2,7£"), n € N, rae y-usmepumast
IOYUTH BCIOJY TIOJIOXKHUTETbHAs JIOKAJbHO HWHTerpupyeMasi (ByHKIUsI, Ha3bI-
BaeMas BecoM. B Taxkom ciydae mpocrpancrso W/ (X) nasnBaerca 6ecosvim
npocmpancmeom Cobonesa n obosnauaerca Wi (R, ~). Hackosibko nam ns-
BECTHO, HAUMHAS C MHOHEPCKON paboTel Lambsapno 1957 roxa’’, sagava omnu-
canms ciesoB Becopbix npocrpancts Cobosesa W{(R", v) na rumepmioc-
koctn R™ x {0} pacemarpusasach Tonbko B paborax* 4243 B ykazannpix
CTaThsIX PACCMATPUBAJINCH JIMIb MOJIC/IbHBIE CUTYAIlUN, KOIJIa BEC 7Y B CYII-
HOCTH 3aBHCHT OT HEKOTOPOH BBIJIEJEHHOI I'PYIIbl MepeMeHHbIX. KonedHo,
Takasi CKyJHOCTh CBeJieHU# 00ycsoBeHa DOJIbITION TpyaHOCTHIO 3ada4uun. [To-
MBITKK onncarh cieapl npocrpancrs WI(R™ ~) [ € N, npu MunmnMaibbIx
OTpAHNYICHHSAX Ha BEC Y HATAJKUBAIOTCS Ha CYIIECTBEHHBIE TPYIHOCTH.

[Ipu n € N B juccepraliuu TOJYYEHO TOYHOE OIMCAHHUE CJIEJIOB IIPO-

40Gagliardo E. Caratterizzazioni delle tracce sulla frontiera relative ad alcune classi di funzioni in n
variabili // Rend. Sem. Mat. Univ. Padova. — 1957. — Vol. 27. — P. 284-305.

UTurs6ypr A.C. O cremax dbyskmit u3 Becosbx Kiaccos // W3e. Byszo. Marem. — 1984, — Ne4, —
C. 61-64.

2Tionenes A.U. Bamava o crenax aas npocrpancts Cobosesa ¢ Becamu Tuma MakenxaynTa // Marewm.
zamerku. — 2013. — T. 94. — Ne5. — C. 720-732.

43Mironescu P. and Russ E. Traces of weighted Sobolev spaces. Old and new // Nonlinear Analysis:
TMA. — 2015. — Vol. 119. — P. 354-381.
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crpancts W (R"!, v) ma runepriockoctn R™ x {0} npu Beex | € N ays cary-
qast, KOrJla BEC 7 MPUHAIICIKAT AokasvHomy Kaaccy Maxenzaynma AleC(R™H)
(em. M) apsstiomerocst obobennem kiacca Maxenxaynra Ap(R™). Knace
A1 (R™1) osHuKaer ecrecTBeHHBIM 06Pa30M BO MHOIMX 33/1aUaX TapMOHUYe-
CKOTO aHa/In3a 1 Teopuy Mephl (cM. Harnpumep ri. 5 monorpaduu®?). Cieyer
OTMETUTH, ITO THIEPILIOCKOCTD, DE3YCJIOBHO, SIBJISIETCS 1-KOPEryIspHBIM 110
Ansdopey—/laBuy MHOXKECTBOM B CJIydae, €CJIH BeC 7y CYNIECTBEHHO OTrpa-
HUYEH B OKPECTHOCTH 3TOi IuIlepIliockocTu. Ecim »Ke Bec 7y CTpeMHUTCS K
OECKOHEYHOCTH MPU NPUOJIMKEHUN K MHITEPILJIOCKOCTH, TO OHa, BOODIIE TOBO-
psi, y2Ke He siBjisiercst 1-xoperysisipabiM 110 Asibdopey—/laButy MHOXKECTBOM.
B cuiy BbllIecKa3aHHOTO, B TaKOil IIOCTAHOBKE 3ajiada O CJiejle He MOXKEeT
OBITH periena paHee W3BECTHBIMI MeTofaMu. B jauccepraimm mokasaHo, UTO
npu [ > 1 cnepom npocrpancrsa WI(R™M ~) apnserca tak nasbizaemoe
pocTpaHCTBO BecoBa mepemennoit rinagkoctu. Chaydait [ = 1 aBisercs ca-
MBIM TPYJHBIM U IOTPEOOBAJI IOCTPOCHUSA B JINCCEPTAIUN HOGB020 (PYHKULO-
HaAbHO020 npocmparcmea. Takyke MOCTPOEH TPUHIUITHAIHLHO HOGbIT HeAUHET-
Hotll onepamop nPodoadtcenus U3 COOTBETCTBYIOIIENO MPOCTPAHCTBA CJIEJIOB
WEHR™ ! 4)|ge B camo mpoctpancreo Wi (R ~).

Haxkomner, B juccepTainyuy pacCMOTPEHO HalpaBJeHUe, CBA3aHHOE C Npo-
cmpancmeamu, Becosa nepemennotd 2aadkocmu. OTMernM, 9TO MPOCTPAH-
CTBa ITepPeMEeHHO# IJIaJKOCTH, WU, KaK MX MHOIJA Ha3bIBAlOT B 3apy0Oerk-
HOW JIUTepaType, 2-MUKPOJIOKAJbHbIE TTPOCTPAHCTBA, 3apOJIUINCh B paboTax
K.-M. Boru n C. Kadapa®4? rie onn ncnomanzosaimcs s OMucanus Jo-
KaJIbHON PEerysisipHOCTH U JIOKAJIbHbBIX OCHUJIISIUI (DYHKIUI B OKPECTHOCTSIX
TOYEK CUHIYJISIPHOCTU. VICTOPUUIECKON TPEITOCHLIKON JIIsT CO3/IaHUs TEOPUH
IpocTpaHcTB BecoBa mepeMeHHO IJ1aKOCTH IIOCIY>KNJIa TeOPUs TaK Ha3bl-
BaeMbIX IIPOCTPAHCTB becoBa 0000IIEHHOM TVIaIKOCTH, CO3/IaHHass B PaboTax
[A. Kassibuna, M.JI. Toubpamana (em. 0630p I1.JI. JTuzopkuna 91ux pesyJib-
TaToB B Jobasiennu K Monorpacdun X. Tpubena’®), a rakxe B crarne B. @ap-
kaca 1 X.-I. Jleomonnaa®?. Kak yrke kpaTko 0TMeUaaoch BhIIIE, TIPOCTPAH-
crBa BecoBa nepeMeHHO T1a/IKOCTH TECHO CBs3aHbI ¢ BECOBBIMHU MPOCTPAH-

4 Mitsuo I., Sawano Y. Atomic decomposition for weighted Besov and Triebel-Lizorkin spaces //
Math. Nachr. — 2012. — Vol. 285. — Nel. — P. 103-126.

45Gtein E. Harmonic analysis: real-variable methods, orthogonality, and oscillatory integrals, Princeton
Mathematical Series, vol. 43, Princeton University Press, Princeton, NJ, 1993.

46Bony J.-M. Second microlocalization and propagation of singularities for semilinear hyperbolic
equations, in: Taniguchi Symp., HERT, Katata, 1984, P. 11—49.

47 Jaffard S. Pointwise smoothness, two microlocalization and wavelet coefficients // Publ. Math. Inst.
Hautes Etudes Sci. — 1991. — Vol. 35. — P. 155-168.

48T pubens X. Teopus dynkimoamsuex npocrpancts, Mocksa, Mup, 1986.

#Farkas W., Leopold H.-G. Characterisations of function spaces of generalised smoothness // Ann.
Mat. Pura Appl. — 2006. — Vol. 185. — Ne1. — P. 1-62.
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creamu Cobosiesa. Bosee Touno, B pabore®® npu p,q € (1,+00), d € N ja
HEKOTOPO#i BEeCOBOM moceoBaTesibHocTu {1} Oblia BBeJeHa HOBas IIKAJA

=l
npocrpancrs Becosa nepemennoii rmajkocru By (RY, {t.}) na eskiugosom

d _ foks Bl (wd
npocrpanctee R Ecim {t;} = {2}, s > 0u [l > s, T0o B, (R {t1})
COBIIQJIAIOT C TOYHOCTHIO JIO SKBUBAJCHTHBIX HOPM C KJIACCHUUECKUMHU I1PO-
crpancTBamu Becosa, Bz’q(Rd) npu Beex p, q € (1,400). Kpome toro, 66110
nokazano, uro upun € Ny I € NI >n—d > 0u p € (1,00) upocrpancrsa
=l
B, ,(R% {v}) sasmorcs: cnepamn na R? x {0} secossix npocrpancrs Cobo-

l(mn n

nesa W (R™, ) ¢ Becom v u3 xmacca Maxenxaynra A,(R"). TIpu arom Be-
COBasl 110CJIEJI0BATEIBLHOCTD {7k} OjiHO3HAUHO cTpouTcs 1o Becy 7. Tloguepk-
HéM, 9TO mpobieMa ciiesia B caydae p = 1 B crarhe’’ He paccMaTpHUBAIAC.
Cremyer OTMeTHTD, 9TO OJIM3KHE MO CMBICTY (HO, BOODIE TOBODs, HE COB-
najaomue ¢ HuMu!) dyHKIMOHAIBHBIE TpocTpancTBa BecoBa nepemeHHoil
[JIaJIKOCTH M3ydaJMCh paHee MHOIMMU MaTeMaTuKaMu OE30THOCHTEbHO HX
IPUBSI3KHU K IIPOCTPAHCTBAM CJIEJOB BecOBbIX pocrpancTs Cobosiea. OTme-
™M B 3T0it cBaA3n paborel O.B. Becosa® 92, JI. JIpnxema®?, X. Kemmkn®*9,
X. Kemnikn n 9. Bribupas®®.

B nacrosimeit nuccepraliui BBOJSITCS JBe HOBBIE MIKAJILI IPOCTPAHCTB bBe-

COBa IIepeMeHHol ryagkocT. Ilepsas mkaJja E;,qyr(R”, {tr}), p,q € (0, +o0],
r € (0, p], 0bobiaeT u pacmupsier aHAJOTHIHYTO KAy MpOCTpaHcTB Beco-
O s npu p, q € (1, +00)
n r = 1. Kpome TOro, HOBBIl TapaMeTp 7 MOMOTaeT MoJydaTh GoJiee JeJn-

Ba TIePeMEHHO} TVIaJIKOCTH, BBEJIBHHYIO B paboTe’

KaTHbIe pesy/braThl. Bropas mxama B (R™, {tx}), p,q € (0, +-00], apnsger-
csl 0000IIIeHNeM TKAJIbI BECOBBIX NpocTpaHcTB Becosa, usydennoit Phiuko-
BoIM®T. B jimccepranun n3ydaeTrcs B3anMOCB3b MEXK/1y ITHMU JIBYMS HOBbI-
MH IIKAJaM¥ IPOCTPAHCTB. KpoMe TOro, m3ydaeTcsa WX CBS3b C IPOCTPAH-
crBaMu BecoBa mepeMennoil raJiKoCTH, M3BECTHBIMU B MUPOBOI JIUTEPATY-
pe. B onpejienénnom juanasone napaMerpos p, ¢, T IPU eCTECTBEHHBIX Orpa-

S0Tromenes A. M. Omucanue cienos Gynxnuit u3 npocrpanctsa Cobomesa ¢ Becom U3 Kiracca Makenxa-
yrra // Tp. MUAH. — 2014.— T. 284. — C. 288-303.

1 Becos O.B. DxBuBaIeHTHbIE HOPMUPOBKHU TTpOoCTpancTs dbyHKImit mepementoii riaakoctu // Tp. MU-
AH. - 2003. - T. 243. — C. 87-95.

52Becos O.B. UnTepnonanus, BIoXkKeHHe U IPOJOIKEeHHe IPOCTPAHCTB (ByHKITHI IepeMeHHO IIaIKo-
cru // Tp. MUAH. — 2005. — T. 248. — C. 52-63.

®3Drihem D. Atomic decomposition of Besov spaces with variable smoothness and integrability // J.
Math. Anal. Appl. — 2012. — Vol. 389. — P. 15-31.

54Kempka H. Generalized 2-microlocal Besov spaces, Thesis, Jena, 2008, 97 p.

55Kempka H. Atomic, molecular and wavelet decomposition of generalized 2-microlocal Besov spaces
// J. Funct. Spaces Appl. — 2010. — Vol.8. — Ne2. — P. 129-165.

56Kempka H., Vybiral J. Spaces of variable smoothness and integrability: characterizations by local
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HUYEHUSIX Ha TMEePEeMEHHYIO TIaJKocTh {tx} MOKA3bIBAETCST COBMAJICHWE TTPO-

CTPAHCTB B;q’r (R, {tx}) u BYS (R", {£}}) ¢ TOUHOCTBIO JI0 9KBUBAJICHTHOCTH
COOTBETCTBYIOIINX KBA3UHOPM. B KauecTBe MPUIOKEHUST Mbl MOJTydaeM HO-
BOE IKBUBAJIEHTHOE OIMCAHUE CJIEJI0B BecOBbIX mpoctpancTs CoboJieBa ¢ Be-
coMm u3 kjacca Makenxaynra Ha IMJI0CKOCTSX. Kpome Toro, B jmccepraiyu
M3y IAr0TCs TTPOOIEMBI TIOCTPOEHUST TEOPUH TPOCTPAHCTB BecoBa mepeMenHoi
TJTaJIKOCTH Ha ODJIACTSIX € JIMIIIUIEBON TPAHUIECH, a TakyKe MpobJIeMbl nX
IPOJIOJIKEHUS HA BCE TPOCTPAHCTBO ¢ COXPAHEHUEM CBOHCTB TJIaJIKOCTH.

Ilesu paboThI.

e Jlns nomycrumbix npocrparctB X = (X, d, (1) BBECTH HOBBIE KJIACCHI 6-
KOTOJICTBIX MHOXKECTB, 0000IIAIONINe KIaCChl f-Koperyisipabix 1o Abhopcy—
JlaBujly MHOXKECTB.

e [Ipu s1r060M p € (1, 00) MONYIUTH TOUHBIE BHYTPEHHIE OMHUCAHUST CJIEJIOB
npocrpancrs Cobosiesa Wpl(X) Ha O-koroscTbix MHOXKecTBax mpu 6 € [0, p).

o [Tpu p € (1,00) u @ € [0,p) nHOCTPOUTH KOHKPETHBIE TIpUMEPbI G-
KOTOJICTBIX MHOXKECTB ¥ MOJIYIUTD JJIsl HUX YIPOIEHHLIE KDUTEPUH Ha CJIE DI
IPOCTPAHCTB I/Vp1 (X).

o [Ipun € N, d € [0,n) ucciegosarsh CBOHCTBA HOPUCTOCTH MOJMHOKECTB
R"™ B 3aBUCUMOCTH OT JIOKAJILHOT'O 110BejieHust d-00xBaTa 110 Xaycjopdy.

e [losyunTh mouTH TOUHOE BHYTpPEHHEE OIMHUCAHUE CJIeJa IIPOCTPAHCTBA,
CoboJieBa I/Vp1 (R™) B caryuae p € (1, n] na npoussosbaoM KommakTe K C R"
Ha KOTOPOM CJIEJ| CYIIeCTBYET.

e [locTponTh HOBBIE IMIKAJLI TPOCTPAHCTB BecoBa mepeMeHHoi r1aIKOCTH,
BKJIFOUAOIIHE B ceOsl IPOCTPAHCTBA CJIe0B BeCOBLIX IpocTpaHcT Coboliena.

e [Ipu n,l € N nonyunTh TOUHOE BHYTPEHHEE ONKUCAHKE CJIE/Ia TTPOCTPAH-
crsa Cobosesa W](R™ !, ) ¢ Becom v u3 nokaibHoro knacca Makenxaynra
Ale(R™1) ma R™ x {0}.

Hay4umnas HoBu3Ha. Bee pesynbrarhl anccepramnyy sBISIOTCST HOBBIME 1
COCTOSAT B CJIEJIYIOIIEM.

1. Ilpu durcuposantnom p € (1,00) u qrwbom 6 € [0,p), misa ciaydas,
koryia X = (X, d, t) — MpOCTPAHCTBO ¢ MEpOii, YIOBIETBOPSIONIEH CBOWCTBY
yaBoenwsi, jporyckaoiree (1, p)-uepaBencrBo [lyankape, moJydeHbr passd-
Hble 3KBUBAJEHTHDLIE TOUYHBLIE BHYTPEHHNE OMMCAHHUS CJIEJ0B IIPOCTPAHCTBA
Cobonesa W) (X) ma 6-KOTOMCTBIX 3aMKHYTBIX MHOXKecTBaX S C X.

2. B cayuae, korga 0 € [0, p) u 0-KoTOJICTOE 3AMKHYTOE MHOXKECTBO S CO-
CTOWUT U3 KOHETHOI'O YNCJIa KOPerysipHbIX 110 Asibdopcy—/laBuiy MHOXKECTB,
OJIYIEHO YIIPOIEHHOE TOUYHOE OIMUCAHUE CJIEOB IIPOCTPAHCTB I/Vp1 (X) ma S.

3. Ha npom3BoJIbHBIX cHpsiMiisieMbIX KpuBbIX I C R? mosoxuresbHoil
JUIMHBI 0e3 caMoIriepecedeH it MOCTPOEHBI STBHBIE KOHCTPYKIK Mep Tutia Gpoct-
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MaHa, ¢ TOMOIIBIO KOTOPBIX TOJYYEHBI YIPOIEHHBIE TOYHbIE BHYTPEHHUE
OIUCAHUSI CJIEJOB IPOCTPAHCTE I/Vp1 (R?) na I" mpu Beex p € (1, 00).

4. Tlpu n € N, d € (0,n] usydennl cBoiCTBa MOPUCTOCTH MHOKECTB S C
R" B sasucumocru or nosejenus d-obxsaros 1o Xaycuopdy HL(Q N S)
nepecedeHuii Kyoos () ¢ S.

5. Ilpu 06bix n € Ny n > 2 u p € (1, n] noaydeHo mouTu TOIHOE BHYT-
pernee onucanue ciejos npocrpancrs Cobosesa WZ}(R”) HAa, IIPOUBBOJILHDBIX
koMmmakTax S C R", Ha KOTOpBIX cyiell cytiecTByet. [l rob0ro cKob yro/i-
HO MaJioro € > () mocTpoeH HOBBIN JIMHEUHBIN OrpaHUYeHHbIN ollepaTop Ipo-
JlosKenust 13 npocrpanctia ciegos W) (R™)|s B npocrpancrso W, (R™).

6. BBejienbl jiBe HOBbIE 1IKaJbl IIPOCTPAHCTB DecoBa riepeMeHHol riiajl-
KOCTH BO BCEM JIMAITa30He MMapaMeTpoOB HHTEIPUPYEMOCTH U CYMMHUPYEMOCTH.
Nzyven BOmpoC COBMAIEHUsT 9TUX TTKAJ MEXKIy cOD0I0 B HEKOTOPOM JIOCTAa-
TOYHO MTMPOKOM JIMAITA30HE TTAPAMETPOB.

7. BBesieHnI HOBBIE TPOCTPaHCTBa becoBa mepeMeHHo# I1aKoCTH Ha, JIUII-
muteBbiX obnacTax 2 C R™ n > 2. JlokazaHbl T€OPEMBI O TTPOOJIKEHUH
9JIEMEHTOB 3TUX npocTpancTs ¢ () #Ha Bce R™ ¢ coxpaHeHreM Tr1aJIKOCTH.

8. TIpu X = (R || - ||2,v£"™), B cityuae, korya Bec y npuHaIesKuT
nokambHOMy Kiaccy Maxenxaynra APC(R™ 1) mpu kaskaom | > 1 nokasano,
uto cien npocrpancrtsa WY (X) ma runepmiockoctn R x {0} cosmamaer c
BBEJICHHBIM B JINCCEPTAIMN TTPOCTPAHCTBOM BecoBa nepemMeHHoi 11aKOCTH.

9. TTpu X = (R"*1 || -||2, v£" ), B cyuae, Koraa Bec y IpUHAJJIEKUT JTO-
KaJIbHOMY KJjaccy Makenxaymnra Alf’c(R”“), JIOKa3aHO, 4TO CJIeJ| IPOCTPaH-
crea W(X) na runepriockoctn R™ x {0} — cyTh nekoropoe Hosoe (byHKIu-
OHaJIbHOE TTPOCTPAHCTBO, MOCTPOEHHOE B JuccepTaluu. [Ipu aTom nocrpoen
HOBDBII HEJIMHENHDBII OrpaHUYCHHDLIN OTIepaTOp MPOJIOJIZKCHUS U3 COOTBETCTBY-
foriero npocrpanctsa ciegos Wi (X)|g» B npocrpanctso Wi (X).

Mertoapl ncciaegoBanud. B pabore uciosib3yrorcsi MEeTO bl TEOPUKU MET-
PUUECKUX TIPOCTPAHCTB C MepOoil, Teopun (PYHKIMOHAJILHBIX ITPOCTPAHCTB,
reOMEeTPUIECKOTO aHaJu3a, IeOMETPUIECKON TEOpHH Mephl, a TaKKe KJiac-
CUYECKHe MEeTOJbl Teoprur 0aHAaXOBBIX IIPOCTpaHcTB. Kpome Toro, jjisi noJy-
YeHUA PANA CYIMIECTBEHHBIX PE3YIbTATOB JHUCCEPTAIUU OBLIN pas3spadbOTaHbI
IPUHIKIIHAJIBHO HOBbIE METOJbI IIPOJOJKEeHN (DYHKIUI C HeperysapHbIX
MOJIMHOXKECTB METPUUIECKUX MTPOCTPAHCTB ¢ MEPOii.

TeopeTuveckasa n mpakTuyieckKad I€HHOCTb. Pe3ymbraTnhl auccepra-
IIUU HOCAT TEOPETUUYECKHUil XapaKTep W MOTYT OBITh HCIOJb30BAHBI B Pas-
JIMYHBIX BOIPOCAX T'€OMETPUUYECKOTO aHaJN3a, NeOMETPUYeCcKOil Teopun Me-
pbl, TeoprK (PYHKIMOHAJILHBIX TPOCTPaHCTB. Pe3yiibrarsl 1 MeTojibl paboTbi
OyyT BOoCTpeOOBaHBI B MCCIETOBAHUAX, TPOBOJUMBIX B Bejlopycckom rocy-
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JIAPCTBEHHOM YHHWBEpcHUTeTe, yHuBepcutere Bunedennia, MaremaTnueckom
uactutyTe umenn B.A. Crekiosa PAH, MockoBckoM rocyiapcrBeHHOM yH-
Bepcurere nmern M.B. Jlomonocosa, Cankr-Ilerepbyprckom rocymapcrseH-
HOM yHuBepcurere, HoBocMOUPCKOM 10CYy1apCTBEHHOM YHUBEPCUTETE.

Arnpobarust guccepTanum.

Pesysbrars! grcceprainuy JOKIaIbIBAJINCH aBTOPOM Ha, CJIEJYIOIINX Hay -
HbIX KOH(DEPEHIUAX:

1. mexxrynaponaas koudepennus “Mecklenburg Workshop Approximation
Methods and Function Spaces”, 16-20 mapra 2015, Xacensunkesn, ['epma-
HUSI,

2. MexKIyHapo iHast KoHgepeHIus 1o (pyHKIIMOHAJIbHBIM IIPOCTPAHCTBAM U
Teopuu npub/nKenns PYHKIUM, nocBsniennas 110-geTuro co JiHs poxKIeHus
akagemrnka C.M. Hukosibekoro, 25-29 mas 2015, MUAH, Mockga,

3. JIeTHSIST [IKOJIa-CEMUHAD 110 JIMHAMUICCKUM CHCTEMaM, T€OMETPUN U TEO-
pun ynpapjienns 6-17 nrons 2015, Makcumuxa, baiikad,

4. mexx iynapojinas koudepennust “The 9th Whitney Problems Workshop”,

29 masi—2 uions 2016, yuusepcurer Texuuon, Xaitda, 3paunib,

5. MexkryHapojHast koudepennns “Function Spaces, Differential Operators
and Nonlinear Analysis (FSDONA 2016)”, 4-9 utonsg 2016, [Ipara, Hexus,

6. Mmexk ryHapojiHast kondepennus “Marcoopuuk-150: ayiredpa, reomerpus,
anasm3”, 7-9 wostopst 2016, MUUAH, Mockaa,

7. MexkIyHapojiHast KoHdepennus “T'eomerpuiecKuiti aHau3 u Teopus yipas-
nennsi”’, 8-12 nekabpsa 2016, uncturyr maremaruku um. C.JI. Cobosiea CO
PAH, HoBocubupck,

8. mexkaynapojnast koudepennus “The 10th Whitney Problems Workshop”,
14-18 aprycra 2017, Yunbsamcoypr, CIIA,

9. Mexjaynapojnasi Kondepenius “New perspectives in the Theory of
Function Spaces and their Applications”, 17-23 cenrsiopss 2017, Bejiieso,
[Tonbima,

10. mexynapojnas Kondepenius “‘The 14th Whitney Problems Ounline
Workshop”, uross 2021, online, CIITA,

11. mexxnynapojaas KoHdepenrus “The 30th St. Petersburg Summer Meeting
in Mathematical Analysis”, 1-6 uross 2021, [IOMU PAH, Cankr-Ilerepbypr,

12. koH(epeHIsT MeXYHAPOIHBIX MATEMATHIECKUX IEHTPOB MUPOBOTO
yposusi, 9-13 asrycra 2021, nearp Cupnyc, Coun,

13. MexkayHapoaHast Kondepenius “ANIpoKcuManus U THCKPEeTH3aIus
30 aBrycra—3 cenrsiopsa 2021, Mocksa,

14. xoudepenrust . T' [Terposckoro (24-s1 ceccust) “duddepennmanbhbie
ypaBHeHusi u cmexxHble Borpochl’; 26-30 jexadbps 2021, MI'Y, Mocksa,
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15. MmexxtyHapoiHas Kongepennus “MHoroMepHast allpOKCHMAIIIS U JIAC-
kperusanus’ 27 utong — 1 uross 2022, nearp Cupuyc, Coun,

16. mex ryHapojiHast KoH(pepeHIUsl 110 TeOMETPUIECKOMY aHAJU3Y, OCBsI-
mennast namsitu FO. I'. Pemernsika, 23-29 okrsiOpst 2022, uncruryT Marema-
tukn uM. C. JI. Cobonesa CO PAH, HoBocubupck,

17. Bropast koudepenrus Maremaruaecknx nearpos Pocenn. Ceknmst « eii-
CTBUTEJILHBIN 1 (DYHKIIMOHAJIbHBIH aHam3y, 7—11 Hosiopst 2022, MI'V, Mocksa.

[To Teme puccepramnuu OBLIN CJETAHBI JIOKIAJBI HA CJEIYIONTNX HayTHO-
HCCJIeIOBATETbCKAX CEMUHAPaX:

1. cemunap 1o Teopun GpyHKINH MHOTUX JI€HCTBUTENLHBIX TEPEMEHHDBIX 1
ee NMPUJIOKEHUIM K 3ajiadaM Maremarndeckoil dusuku (cemunap C.M. Hu-
KoJbckoro, 2015, 2016, 2018, 2022),

2. cemnnap “Komnoksnym MUAH” (MUAH, 2016),

3. Cankr-Ilerepbyprekuit ceMrHap 10 TEOPUH OMIEPATOPOB U TEOPUN (DY HK-
nuit (ITOMU, 2017, 2021),

4. Hay4HO-UCCJIEI0BATEIbCKUI ceMHHAp 110 Teopuu (PYHKIMI 1eiicTBH-
TEJILHOTO MepeMeHHoro mnoj pykosogctBoMm akasiemuka PAH B.C. Kammna
u akajiemuka PAH C.B. Kounsiruna (MI'Y, 2020 online, 2022 offline),

5. cemunap “Geometric Analysis” Bunedenbackoro ynusepcurera (Iep-
manus, online, 2021),

6. obmenncTuryTckuii cemunap “Maremaruka u ee npusiokenust’ Mare-
matnaeckoro urnerutyTa uMm. B. A. Crexsosa (2021),

7. cemunap “Beijing—Moscow Mathematics Colloquium” (Poccuiicko-Kuraiickuii
cemunap, 2021 online),

8. cemunap 1o komiiekcaomy anasmsy (Cemunap lonvapa, MUAH, 2022),

9. cemmnaap “Geometric Analysis and PDE” yuusepcurera umenn Ben-
['ypuona (Mspawnns, online, 2023).

Ilyoaunkamuu. OCHOBHBIE PE3yJIbTAThI JIUCCEPTAIMN OIyOJIMKOBaHbI B 11
paboTax aBTOpa, IPUBEJIEHHBIX B KOHIE aBTOpedepara, B PeIeH3UPyeMbIX

HayIHBIX KypHaaax n3 cuncka BAK, Bxomsiux B 6a3nl panabix SCOPUS u
Web of Science.

JImanbiit BKaaJ. Hayunbie pe3ynbTarbl, BBIHOCUMBIEC Ha 3aIUTY U CO-
CTABJISIONINE COJIEPKAHKE JTUCCEPTAIMOHHON PabOThI, 10Ty YeHbI aBTOPOM Ca-
MOCTOsATEIbHO. Bee pe3ysibTraThl, BHIHOCUMbIE Ha 3aIUTy 1 OIyOJMKOBAHHBIE
B COBMECTHBIX paboTax, IPUHAIEIKAT aBTOPY.

CrpyKTrypa m obbeMm paboThbl. [luccepraims COCTOUT U3 BBEICHUS, T
rjiaB, pasOUThIX Ha naparpadbl, U CIKUCKa JuTeparypbl u3 124 HauMeHOBa-
unii. O0muit 00beM JIUCCepTAIIUN COCTABIIET 325 CTPAHMUIIL.
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KPATKOE COJIEPYKAHUE JIUCCEPTAIN

Hymepalius NpuBOIUMBIX 3/1€Ch Pe3YJIbTaTOB COOTBETCTBYET HyMepaIluu B
OCHOBHOM TEKCTE JINCCEPTAINN.

B nepBoii riiaBe 1npuBoJIsiTCS BCEe HEOOXOMMbIE TIPEIBAPUTEIbHBIE CBE-
JIeHUsI, KOTOpbIe OYIyT MCHOJB30BATHCSA B OCTAJbHBIX IJIaBaxX JUCCEPTAIUN.
Kpome Toro, BBOJAUTCST HEKOTOPbI HOBBIF MaTEeMaTUIECKUH alapar, siBJjis-
fomuiicss MyHIaAMEHTOM JiJIsi JaJbHEHIINX TOCTPOEHMIA.

[Tog wapom B B merpuueckoM mpoctpanctse (X, d) By MOHUMAETCS
3aMKHYTBIN map. Bo nzbexkanue JBYCMBICJIEHHOCTH, CIUTaeM, UTO mmap B B
X 3a/1a€TCsI BMECTe ¢ HEKOTOPBIMEU CBOMMHE PAJIMYCOM T'g U IIEHTPOM X . [lpu
(x,7) € X %[0, +00) nosokum B, (x) :={y € X :d(y,x) < r}.

Ha mporszkeHun Beeit uccepTanuu Mol Mempuieckum npocmpancmeom
¢ Mepot, Jajee COKPAIIEHHO M.IL.M., noHuMaercss Tpoiika (X, d, i), B Ko-
topoii napa (X,d) — nosiHoe cenapabesibHOE METPUIECKOE MPOCTPAHCTBO, &
{t — OOpesIeBCKHU peryJsipHasi BHelmHsist Mepa Ha (X, d), IpuHEMAIOIAsT KO-
HEJHbIE TTOJIOKUTEbHbIE 3HAUCHUST Ha BCEX IMapax MOJOKUTEJIHHOIO PaIu-
yca. Ecim m — mepa na X, To ipu f € LIIOC(X, m) BCIOJLy Jlajiee MoJiaraem
fo f(y) dm(y) = ﬁ Jo [(y) dm(y), ecim m(G) > 0 u noub unade.

CkaxkeM, UTO Mepa, (L 00JAJIAeT PasHOMEPHO NOKAADHBIM CEOTCTGOM YI60-
ENUA, eCITH SUDex SUD,e(0 7] H(Ba2r (7)) /(B (x)) < +00 VR € (0, +00).

[Ipu p € [1,00) m.m. (X, d, p) HasbiBaercst donyckarowum caaboe no-
kaavroe (1, p)—nepasencmeo Ilyankape, ecmu nis moboro R > 0 cymectsy-
o1 oJiokuTebabie KoucTantel C' = C'(R,p) u A = A(R, p) takue, 9To jijis
moboit umumrneBoit dyukimn f : X — R cnpaBeyinBo HEpaBeHCTRBO

wt £ 17@)-dddut) < Or( f WpswY dnw)’ ) € X x|

ceR
B, (x) B (z)

e lip f(y) == lim,,, | f(y) — f(2)|/ d(y, 2) npu yciaosuu, aro y — npejesn-
Hasi Touka, u lip f(y) := 0 B u30/mMpoBaHHO# TOUKE Y.

Omnpepesienne 1.2.70. [Ipu p € [1, 0o0) rosopsrt, aro m.i.m. X = (X, d, i)
ABdgercsa p-donycmumsvim 1 macatb X € 2, ecam Mepa ft 00s1aJ1aeT paBHO-
MEPHO JIOKAJIbHBIM CBOWCTBOM Y/IBOEHUsI, a M.II.M. X JIOIIlyCKaeT cjaboe Jio-
kasbHoe (1, p)-nepasencrso [lyankape.

[Tockombky onpepenenns d-obxBaTa 1m0 Xaycaopdy Hgl u d-mepbl Xay-
ciopda He crampaprHbl, HAIOMHHM OOJlee COBPEMEHHBIE OpejesieHns 6-
Kopasmeprocmmnozo obxeama u mepv. Xaycdopga, coorercrenno. Ilpu 6 >
0, 0 € (0,400] mias samannoro Muoxkecrsa E B M. (X, d, 1) mosoxum
Hos(E) :=1inf > ppu(B)/(rp)?, rae undumym s3ar 1o seem ne 6osee uem
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CUETHBIM TOKPBITUAM B MHOXKecTBa F 3aMKHYTBHIMU IIapaMi ¢ PaJuycaMu
rp € (0,9). CoorBercraenno, momaraem Ho(E) = lims_, o Hos(E).

Hamomuum, aro ecan B mim. X = (X,d, u) mepa p obiajaer paBHO-
MEPHO JIOKaJIbHBIM CBOMCTBOM yiBoenus, To npu d > 0 muoxkecrso S C X
HasbiBaercs d-pezyaapnoim no Aavgopcy-/lasudy, ecam OHO 3aMKHYTO H
HYB.(z) N S) ~ r? npn Beex (z,7) € S x (0,1]. Tpu § > 0 mmHONe-
ctBo S C X HasbiBaercs O-xopezyaaprvim no Aavopcy—Lasudy, ecim oHO
samxnyTo u He(B,(x) N.S) ~ p(B.(x))/r? npu Beex (x,7) € S x (0,1].

Kuace Beex d-perymsipubix (6-koperyssipubix) o Asibdopey—lasuty MHO-
xects oboznadnm cumpoion ADRY(X) (ADR(X)).

Taxoke B §1.2 Mbl HAOMMHAEM BaXKHOE JIJId JIAJbLHERIIEro HOHATHE OPU-
CTOCTH MHOXKecTBa. [IopueThiM MHOXKECTBaAM HOCBSIIEHa Kpaiine obImupHast
JMTEpaTypa 10 TPUIMHE UX BOCTPEOOBAHHOCTH BO MHOTHMX Pa3JIeIaX reOMeT-
puuecKoro aHajuza u jauddepenimaibHbix ypasHenuit (cm. 0630p).

Omnpenenenne 1.2.103. Ilycrs X = (X,d) — meTpudeckoe mpocTpaH-
crBo. s muoxkectsa S C X u mapamerpa o € (0,1] 6ymem roBoputs,
aro map B = B,(x) ssusiercs (S, 0)-nopucmoim, eciau naiijercs map B =
B (") C B.(z)\S rakoit, uro r’ > or. Cemeiicrso Beex (S, 0)-10pucTbix iia-
poB Gyzem obosnauats uepes PORg (o) := PORy (o). lllap B = B,(z) na-
3BIBACTCS S -NOPUCbLM, ecaii o (S, o )-nopucreiii ipu Hekotopom o € (0, 1).

[Ipu r € (0,1] nonoxum S,(0) := {x € S : B.(x) € PORs(0)}. Cka-
xKeM, uTo S aBJsiercs o-nopucmoim, ecin S = S, (o) pu Beex r € (0, 1].

B §1.3 Mbl HAIIOMMHAEM DPa3JIMIHbIE [OJAXOJbI K OCTPOCHHUIO TEOPUU IIPO-
crpancrs CoGosesa W) (X), p € (1,00), a rakxe nousirue p-emxocru Cp, (cm.
§1.4 B Monorpacun?).

Hanomumy, uro mpu p € (1,00) u X € 2, grst moGoro F € W(X) cyrme-
crByeT Gopesieckast (GYHKIHs F, HA3bIBAEMAS P-MOUHbIM NPEICTNaGUmenem
F', rakas, aro jis nekoroporo Fp C X, UMEIONEro P-eMKOCTh HYJIh, PaBeH-
crio lim, g fBT(m) |F(z) — F(y)| du(y) = 0 cupaseyuso Vo € X\ Ep. Do
¢gakT 1103BOJIIET HAM BBECTH OIpEJieJIeHNe CJiejia cO00IeBCKOM (DYHKITUN.

st 6openieBckoro muoxkectsa ' C X uepes B(F) Oymem ob6o3HadAThH
MHOXKeCTBO Bcex Gopesnesckux dyukuuii f 1 E — [—o00,+0o0]. Hanomuum
TaK¥Ke, 9To TpHu p € [1,00) HEKOTOPOE CBOHCTBO (DYHKIMU HAZBIBACTCS BbI-
MOJIHEHHBIM P-KBA3UBCIOMY (P-K.B. JIJIsi KPATKOCTH), €CJU OHO BBITIOJHEHO
BCIOJIY 38 UCKJIIOUCHUEM MHOKECTBA P-€MKOCTHU HYJIb.

Oupepesenne 1.3.17. [Iycrs p € (1,00), X € A, S C X u Cy(S) >
0. Onpenenum p-mounwnidi caed asnemenma F € Wpl(X) Ha S pPaBEHCTBOM

Fls == {f € B(S) : f(x) = F(x) upu p-k.s. x € S}. Bonee Toro, ompe-

58Shmerkin P. Porosity, dimension, and local entropies: a survey, arXiv:1110.5682, 2011.
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JeM p-moynoe npocmpancmeo caedos pasencrsom W) (X)|s = {F|s
F e Wpl(X)} U IOJIOZKUAM HfHWZ}(X)Is = inf{HFHW]}(X) . f = F|g} npu
f € W)(X)|s. Hakonern ckaxewm, uto F' € W} (X) aBisercst p-mounvism npo-
doaoicenuem sanannoit yuxkumu f € B(S), ecm f € Flg.

B juccepraiuu Mbl Takake pazpabarbiBaem Oojiee ruOKMil 110J1X0)1 K [TOHSI-
THIO CJIeJIa CODOJIEBCKOM (DYHKIINH.

Js1 3a/1aHHOM OOPEIeBCKE PEryJIsipHOil Mepbl M Ha X CHMBOJIOM SUpp M
obosHaurM HocuTesib Mepbl m. Kpome Toro, uepes Lg(m) obosHaunm MHO-
YKECTBO M-KJIACCOB SKBUBaJEeHTHOCTH | [l Beex dyukuuii f € B(suppm).
Hakomer, 1gepes I, obozuauum onepatop Iy, : B(suppm) — Lo(m), coro-
crapistiomuii kKaxaoin f € B(suppm) snement [f|n. Ckaxkewm, uro mepa
m abcoaommo nenpepuiena ommocumenvro émrxocmu Cp, €Ciu it BCIKOrO
muoxkectsa F C X u3 pasencrsa Cp(E) = 0 cieayer pasencrso m(E) = 0.

Omnpenenenne 1.3.19. Ilycts p € (1,00), X € A, S C X u Cp(S) > 0.
[Tycth m — Heny/ieBasi OOpesieBCKU peryJssipHast Mepa Ha X Takas, 94To M ad-
COJIIOTHO HelpepbiBHa oTHOCUTebHO C) u .S C supp m. Oupejiesium m-ciiejl
snementa F € W) (X) na S kak m-kimacc sxsusanenTHocTH Flg, TO ectb
F|% = [F|g|m (cumBoi [F|g]m cirefiyer monnMaTh Kak M-KJIacC IKBUBAJICHT-
HocTu J11060# bopesiesckoit Gyukiun f € F|g). Onpejesnum m-npocrpancrBo
CJIeJIOB Kak 00pa3 p-TOYHOTO MPOCTPAHCTBA CJIEJOB B MPOCTpaHcTBe Lo(m)
OTHOCHTENLHO 0Tobpaxkerus Iy, To ecrn WH(X)|$ = Ln(W, (X)]s). Hoio-
wnm [ fllwrxp = f{||Flluix) 0 f = FI§} npn f € W,(X)[§. Haxonen,
F e Wpl(X) Ha3bIBaeTCst M-npodossrcenuem 3agannoit Gyukmun f € B(S)
(mitn m-Kj1acca SKBUBAICHTHOCTH [f|wm), ecim f € F|¥ (ecan [flm = F|%).

B §1.4 obcyXKjaiorcst pasjndHble acHMITOTHYECKHE CBOMCTBA YIBOCHMUSI
OOpEJIeBCKH PETYJISPHBIX Mep Ha M.ILM. X, KOTOpPbIE SIBJISIOTCS HEKOTOPBIM
€CTECTBEHHBIM OCIa0JIEHNeM CBOHCTBA PABHOMEPHO JIOKAJLHOIO YIBOCHHSI.
Kpowme Toro, BBojiuTCSI HOBOE MOHATHE TOUKM Jlebera hyHKIMU OTHOCHTEh-
HO IOCJIEJIOBATEILHOCTH Mep, SABJISIONeecs 0600IeHrneM KIACCHIeCKOro Mo~
HaTust Toukn Jlebera JIOKaJbHO UHTErPUPYEMOit (DYHKIINHN.

B §1.5 mbl dukcupyem m.aim. X = (X, d, ) ¢ mMepoit p, obiagaromieit
PaBHOMEPHO JIOKAJBHBIM CBOWCTBOM YJIBOCHUsI ¥ BBOJMM HEHTPATbHBIE IS
JTAHHOM JTUCCepPTAIMU MOHATHST d-TOJICTOrO W O-KOTOJICTOrO MOJIMHOXKECTB X,
COOTBETCTBEHHO.

Omnpenesienne 1.5.1. [Tpu 0 > 0 u A € (0,1] ckaxem, 410 MHOKECTBO
S C X ssasiercst (0, X)-xomoacmoim, eciu )\w < Hor(Br(z)NS) npm
Beex (x,r) € S x (0,1]. Knace Beex (6, A)-KOTOICTBIX MHOXKECTB 0003HATNM
aepes LCRy(X, ). lpu d > 0 u A € (0, 1] ckaxem, aro MmuaOKecTBO S C X
gpasercs (d, \)-moacmowm, ecia \rd < HY( B, ()N S) mpu Beex (z,7) € S X
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(0,1]. Knacc Beex (d, \)-Toscrbix muoxkects oboznaunm depes LCRY(X, N).
CkaxxeM, uTo MHOKecTBO S C X siisiercs O-komoacmoim (d-moacmoim),

ecsin ono (60, X)-korosicroe ((d, A)-rosicroe) npu Hekoropom A € (0, 1]. Tosio-

M LCR(X) := Upe(o.] LCRy(X, A) 1 LORU(X) 1= Upe(o.] LCRY(X, A).

B §1.5 usyuaorca 6asosbie cpoiicrsa kiaccos LCRy(X) u LCRY(X). B
4aCTHOCTH, Mbl [OKA3bIBAEM, YTO, €CJU Mepa f 00J1aaeT PABHOMEPHO JIO-
KaJibHbIM cBOficTBOM yiBoenus, 10 ADRy(X) C LCRy(X). Hasee, mbl 110-
kaszbiBaeM, 910 Kjiace LCRy(X), 8 > 0, upessbruaiino mmpok. Hampumep,
ecim MM, X siBsisiercst (Q-peryisipubim 10 Auibdopey mpu @@ > 1 (o
ectb p(B,(z)) ~ r9 npu Beex (x,7) € X x[0,+00)), To J060€ JHHEI-
HO CBSI3HOE MHOYKECTBO, COCTOsIIIee DoJiee ueM U3 OJIHON TOUKH, TPHU JIOOM
0 € [Q — 1, Q) mpunagyexur knaccy LCRy(X). Haubosiee mpocToit mpumvep
muoxkectBa S € LCRy(X) \ ADRy(X), # > 0, MOXKHO HOCTPOUTD, T10JIO-
wup S = STUS? upu S* € ADRy,(X), i = 1,2 u 0 < 6 < 6y < 0. Do
HaOJIIOJICHIEe MOTUBUPYET BBECTH CJICYIOIIEE OMpeJesieHue.

Omnpenenenne 1.5.17. Bygem ropoputh, ato MHOX)KECTBO S C X SIBJISET-
cst Kycouno Kopezyaapuoim no Aavgopcy—/acudy, eciiu cyimecrByoT ducia
0<6:1(5) <...<0n(S), N € Numuoxecrsa S € ADRy,s)(X) Taxue, uro
S = U;L, 5" omoxum 0(S) := Ox(S). Yepes PADR(X) oboxnaunm Kacc
BCEX KYCOUHO pery/saphbix 1m0 Asibdopey—dasuy muoxecrs. [pu 6 > 0
nosoxkum PADRy(X) :={S € PADR(X) : 6(S) = 0}.

MpI mokaseiBaem B §1.5, uro, ecau p 0b1a1aeT pABHOMEPHO JIOKAJIBHBIM
cpoiicrBoM ygpoenusi, T0 PADRy(X) C LCRy(X) npu sobom 6 > 0.

Bropaga riaBa juccepraliiu 1eJIMKOM IOCBSIIEHa IPOOJIeMe OIUCaAHUs
caenoB mpoctpancTB CobojieBa Ha (-KOTOJCTHIX MOJAMHOXKECTBAX MeTpHUe-
CKUX TPOCTPAHCTB ¢ Mepoil. Ha mporsokenun Beeit ryiaBel OyJeM CIUTATH
dbukcnposanubiMu mapamerp p € (1,00) n marm. X = (X, d, p) € 2.

B §2.1 paércst oupejiesienue 0-KoperyssipHoil 10CJI€/I0BATEJIbHOCTH MeD,
KOTOPOE SIBJISIETCST OJTHUM U3 KPAEYTOJbHBIX B JIHCCEPTAIWN.

Onpenenenne 2.1.1. IlocnenoBarensuocts Mep {my} = {m;}2, na
m.am. X = (X, d, pu) HasbiBaercs O-kopezyaaprot, ecan npu kaxjom k € Ny
Mepa My OOPEJeBCKU peryJisipHasi, JIOKaJbHO KOHEYHasi U CylIeCTBYyeT € =
e({my}) € (0,1) Takoe, ITO BBHIMOJHEHDI CICYIOINE CBORCTBA:

(M1) cymecrByer takoe S C X, ato suppmy = S mpu Beex k € Ny;

(M2) cymecryer koncranra Cp > 0 rakast, aro jyist joboro k € Ny

B,
m (B, (z)) < 01M—W mpu Becex x € X wncex 71 € (0,€];
r
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(M3) cymecrByer koucranta Cy > 0 Takas, aro jis jgoboro k € Ny

mpu Bcex x € S mBeex 1 € [éF,1];
(M4) my, = wpmg ipn wy, € Lo (M) it moboro k € Ny, u cymmecTByer Takast
koHctanTa Cg > 0, aro jist 100bix k, j € Ny cripaBe i/inBbl HEPABEHCTBA

e wp(x)

— < ———<(Cy g my—nB. €S

Cs ~ wpyj(z)

Kilace Beex Takux O-KOperyssipHbix mocJjejoBaresibHocreii mep {myg}, uro
suppmy = S Vk € Ny, obosaauum qepe3 MNMy(S). Kpome Toro, ckaxkem, 4ro
nocsiesioparebHocTh {my } € My(S) aBsiercs cuavho O-Kopezyaapnot, eciam

(M5) st kaxk10ro bopesieBckoro MHOXKecTBa E C S|

Tm mk(BEk(g) N E)
k—oo  My(Bex(z))

>0 mpu my—1mB. 2 € L.

Kulace Beex Takux CHJIbHO B-KOPeryJisipHbIX MOcjeji0BaTesibHocTeit mep {my },
aro suppmy, = S Vk € Ny, Gygem obosnauars yepes M7 (S).

OCHOBHBIM pe3yaLTATOM Iaparpada sIBJISIeTCs CIeayIolas TeopeMa.

Teopema 2.1.8. ITycmv 0 > 0 u nyecmv S C X szamxnymo. Ecau S €
LCRy(X), mo M (S) £ 0. Ecau Mp(S) # 0, mo S € LCRy(X).

Hanee B §2.1 uzyuarorcs npocTeiiinme cBOACTBa #-KOPEryasipHbIX U CUJIb-
HO f-KOperysipHbIX HocaenoBaTesbHocTeil Mep. Tak:ke uccieyercs TOHKAM

BONPOC Hecosnaienns Kiaaccos My(S) n MET(S) n crpontes npumep, noka-

sbiBatoluil, uro Briodenue N (S) C My(.S), BoobiIe rosopst, crporoe.

B §2.2 mMbl BBOjIuM yHKIHOHA Tuna bpynnoro-IIIBapimana, KoTopblit
Oy/ieT OCHOBHBIM WHCTPYMEHTOM JIJIsT XapaKTePU3allny CJIEJOB MPOCTPAHCTR
CobosieBa. Ero MoxkHO paccmarpuBaTh Kak 00001meHne GpyHKINOHAJIOB, NC-
noab3oBannbix FO. Bpynusim B cratse® u I1. IlIBaprmManoM B pabore®, Ha
cIydail MeTpUIecKuX MPOCTPAHCTB ¢ Mepoii. Hacko/ibKo HaM U3BECTHO, B Ta-
Koit (popme 1mo100HbBIE (DYHKITMOHABI BBOJSITCS BIIEPBHIE.

Omnpenenenne 2.2.1. [Ipuc > 0u 0 > 0 Oyjem roBopuTh, 4TO CEMERCTBO
saMKHYTHIX mapos B := {B,.(z;)}X,, N € N, asnzercs (S, ¢, §)-wopouwium,
€CJTH BBITIOJIHEHBI CJIE Y TOIIHe YCIOBUS:

(B1) B,.(z;)N B, (r;) = 0, ecmi,je{l,..., N}t ui#j;

59Bpyanert FO. A. TIpocTpancTBa, ONpeeaseMble ¢ TOMOITBIO JTOKAIBHBIX TPUOIMKEeHIH // Tp. MMO.
-1971. - T. 24. — C. 69-132.

9Shvartsman P. Sobolev W -spaces on closed subsets of R" // Adv. Math. — 2009. — Vol. 220. — Ne6.
— P. 1842-1922.
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(B2) 0 <min{r;:i=1,...N} <max{r;:i=1,.., N} <6

(B3) B, (z;) NS # () upu Beex i € {0, ..., N}.

Ckaxkem, uro B sBisiercst (5, ¢, d)-cemeticmeom Yumuu, eciu mOMAMO
(B1)-(B3) sbinosneno yciaosue (B4), 1o ectb B C X \S s Bcex B € B.

[IycTh m — DopeJieBCKU peryJ/isipHas JJOKaJbHO KOHeUHas Mepa Ha X. Ecin
bopesiesckoe muox)ectBo G C X Takoro, uro m(G) € (0,+00), 1o npu f €
Liee(X, m) nonoxkum En(f, G) := infeer f,, | f(2) —c| dm(z). Ecom m(G) = 0,
t0 dopmasnbio nonaraem Ey(f, G) = 0. [Ipu r > 0 mosoxum

_ ) &a(f, Bor(w)), ecmu  B(x)Nsuppm #
Eolf. B (a) = {07 Bale) eom BN

Berony nasee, eciu {my} € 9My(S), To LP({my.}) := Ny L (my).

Omnpenenenne 2.2.7. [lycrs 6 > 0, S € LCRy(X), {my} € My(S) u
e = e({my}) € (0,1). TIpu § € (0,1] u ¢ > 0 Pynryuonas muna Bpyonozo—
lsapumana na macwmabe §, neiicreytomuit uz LP({my}) B [0, +00], 3a71a-
ércst popmyJIoi

BSNY, () = sup( 3

BeRS

CLTCANIRD) "V re Lie({mi))

rjie CyNpeMyM B3sIT 110 BCeM KOHeuHbIM (S, ¢, 5) -~xopommM cemeiictam BC.
[Tomoxkuwm BSNp (et () = 1|z, me) + BSN? oimete(f)s [ € L({m;}). B
IIPUBE/IGHHOM BbIIIIE ONPEJIEJIEHUI UCIIO0JIB30BAHO CJeJlyloliee 0603HaYeHMe.
Eciu B = B.(x), r > 0, 0 k(B) := k(r) = max{k € Z : r < €*}.

B §2.2 MBI TaxsKe BBOAEM HOBbIe (hyHKIIHOHAILI Ha TpocTpamcTse L ({my}),
KOTOPBIE 3aTeM B §2.6 IIO3BOJISIOT IOy YUTh ONKCAHIE IPOCTPAHCTBA, Wpl(X) 230.
Mbr pukcupyem 6 € [0, p), Hemycroe 3amkHyToe MHOXKeCTBO S € LCRy(X)

u nocaegoBaresshocts {mg} € My(X) suecre ¢ napamerpom € € (0, 45).

MbI craprTyeM ¢ ecTeCTBEHHOrO 000DIIEHUST KIACCHUECKONH MaKCUMAJBHOI
bynxmnn Kambsaeponabl. Tpu f € LZOC({mk}) OTpeJIeINM {mk} ~-MAKCUMANDHYIO
dynxyuro Kaavdeporna no dpopmysie f{m () := supre(()l Emyery (f> Br()),

x € X. MbI ucnospzoBajin 0003HaAUEHNE k( ) :=max{k €Z: e >r}

Onpegenenne 2.2.12. Oupenenum dynryuonanr Kaavdepona na mpo-

crpancrse Li*“({my}) co smauennsamu B [0, +00], momaras CN g,y (f) =
Hf?mk}HLp(M) npu f € Li*“({my}). Kpome toro, nonoxnm takxke CN, oo,y (f) =

Uy me) + 1Ff 2y 00 € L9y},
HaJiee BBOjIuTCst 0000IIEHME 110JIyHOPMBI Becosa.

61Calderén A. P. Estimates for singular integral operators in terms of maximal functions // Studia
Math. — 1972. — Vol. 44. — P. 563-582.
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Omnpenenenne 2.2.16. [lpu o € (0, 1], BBeném ¢ynruuonans Becosa na
LP({m}) co snauenuamu B [0, +00|, momaras npu xaxgom f € L({m;}),

D =

BN e (f) = !Iffmk}l\pr#ﬁ(i O / (Eme (. Ber(2))) dim(a))
k=1

Sek (O’)

oo BNy, im0 () = [1F]1ym0) + BN o (F) 1010 f € L ({my}).

B §2.3 MbI cTpowM HOBBI OonepaTop MPOJIOJIKEHNsT, KOTOPDIi MO3BOJIsI-
eT TMOJIyIUTh 00PATUMYI0 XapaKTEePUCTHUKY cjieja mpoctpancTa CobosieBa
W, (X) Ha -KOTOJICTBIX MHOKECTBAX.

Hamnee B §2.4 Mbl ycTaHaBIMBaeM BaKHbIC JIJIsI JOKA3aTEJbCTBA OCHOB-
HbIX Pe3yJIbTaTOB IlaBbl HepapeHcTBa MexKly gynkumonasamu BSNy oy .,
ONp (e}, 1 BNp fme).o-

B §2.5, ncronnsys paccysKjenus paboTbi®?, MBI yCTaHABIMBAEM AHAJIOT
HepaseHcTBa Xejnbepra—Bombda st nmorennnaaos Pucca. Drtor pesyabrar
B KOMOMHAIIMKM CO CBOMCTBaMU G-KOpEryJsipHbIX IMOCJIE0BATEIbHOCTEN Mep
{my} aBasiercs KIIOUEBBIM MPU JIOKA3ATETHCTBE TAK HA3BIBAEMON “TIPSIMOIl
TEOpPEMBI O cJiejie’.

B §2.6 npuBejenbl J0Ka3aTeIbCTBA OCHOBHBIX PE3YJIbTATOB TJIaBhI, KO-
TOPBIE JIAIOT pelieHre 1npobJjeMbl cjeja B ciaydae f-KOTOJICThIX MHOXKECTB.
Mpbr dbukcupyem mapamerp 6 € [0, p), HemycToe 3aMKHYTOE MHOXKECTBO S €
LCRy(X) n nocnenosareasrocts {my} € My(X) smecre ¢ € € (0, 15).

Ilepsviti u3 0CHOBHVIT PE3YALMAMOE TJIaBbl JAET HECKOJIbKO SKBUBAJICHT-

HBIX XapaKTePU3aldii My-IPOCTPAHCTBA CJICJIOB Wpl(X) e

Teopema 2.6.1. Ecau {m;} € M7 (X), ¢ > 2 uo € (O,Z—i), mo das
sadannozo saemenma f € L°({my}) caedyrousue yerosua sxcusaienmmol:

(i) f € Wy (XI5

p

Kpome mozo, dan aobvz ¢ > 2 u o € (0, Z—i), daa moboeo f € Li¢({my})

[l xymo 2 CNp g,y (f) & BSNp g y.e(f) = BNp 1.0 (f),

2de coomeemcmaeyrouwue KOHCMAarmvbl I9K6UBANEHINHOCTNU HE 3A6UCATIL O f

62Cascante C., Ortega J. M., Verbitsky I. E. Nonlinear potentials and two weight trace inequalities for
general dyadic and radial kernels // Indiana Univ. Math. J. — 2004. — Vol. 53. — Ne3. — P. 845-882.
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Bmopoti u3 0cHo6nvix pesyabmamos TIaBLL JaéT XapaKTePU3aIlylo p-TOUHOrO
npocrpanctsa cienos W (X)|s.

Teopema 2.6.3. Bopeaescran pynkyusa f .S — R npunadiestcum npo-
CMpParcmesy Wpl(X)|S 6 MOM U MOALKO MOM CAYYUAE, ECAU:

(A) mg-xkaacc axsusarenmmocmu | flm, Gynrkuuu f npunadaescum npocmpan-
cmey W, (X)[§;

(B) cywecmsyem maxoe muosicecmeo Sy C S, umo Cp(S\ Sy) =0 u

lim |f(z) — f(y)|dmp(y) =0 mpmBcex 1z € Sy

k—00
Bek (.%')

Kpome mozo, das aobwr ¢ > % u o € (0, Z—i), das mobozo f € Wpl(X)\S

1A llwzots & CNp gy (F) & BN gmyy.e(f) = BNp fmy1.0(f),

20e coOMBEeMemEYIOULUE KOHCTAHMDL IKGUCAACHMHOCTNUY He 3a6ucam om f.
Juist jiuHelHbIX HOpMUPOBaHHBIX HpocTpancrs By == (Ey, || - ||1) u By =
(Esq, || - ||2) wepes L(E1, E2) obo3Hatmm THHEHHOE TIPOCTPAHCTBO BCEX JTHHEH-
HBIX OIPaHMYEHHBIX OIlepaTopoB u3 Fp B Fj.
Tpemuti u3 0CHOGHBLT PE3YALINAMOE TIABBI 3BYYUT CJICYIONIAM OOPA30OM.
Teopema 2.6.6. Ecau {my} € M7 (S), mo caedyrouyue ymeeporcdenus
IKGUGCAAECHITHDL:

(1) Cywecmsyem my-onepamop npodosicenus Ext € E(Wpl(X) S, Wpl(X));
(2) Cywecmeyem p-mounviti onepamop npodoascenus Ext € E(W]}(Xﬂg, W) (X));

(3) Kanonuueckoe enoocenue Ly, - W) (X)|g — W (X)[3°, cmasawee xaorc-
domy f € W) (X)|s 6 coomeememeue mo-raace sK6u6aAeHMHOCTI [ [,
Pynryun f, AGAAEMCA USOMEMPUHECKUM U3OMOPPUSMOM;

(4) Caedyrouwsan duazpamma KOMMYMAMUESHA:

1d
wW,X) "W, (X)

Ext| |Trls Ext Tr|:;10
Tng
1 - 1 Mo
W, (X)\S(TWP (X))
Iol
[lesibio TpeTheil rIaBbl SIBJISETCs WILIIOCTPallis abCTPaKTHLIX KPUTEPH-
eB Ha CJieJl TPOCTPAHCTBA Wpl(X), IOJIyYE€HHBIX BO BTOPOM TJlaBe, Ha KOH-
KPETHBIX MHTEPECHBIX JIJIs NPUIJIOXKEHUIT IIPUMEpPax, KOTOPbIE HE MOLJIK ObITh
PACCMOTPEHDI ¢ IIOMOIIBIO U3BECTHBIX paHee METOJIOB.
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B §3.1 pesyabraTbl TJIaBbl 2 NPUMEHSIOTCS JIJI TIOJyYeHUsT YIPOIIEH-
HBIX KPUTEpPUEB Ha CJieJ| IPOCTPAHCTBA I/Vp1 (X) Ha KyCOYHO KOPEryJsipHBIX
o Asnsdopey—laBuy moMHOKECTBAX METPUIECKNX TTPOCTPAHCTB ¢ MEPOii.
Mbi dukcupyem p € (1,00), m.a.m. X € 2, napamerpst 6 € [0,p), 6 € [0, p)
1 MEHOKeCTBO S € PADRy(X). 3adbukcupyeM KOHKPETHYIO -KOPETryJISPHYTO
[OCJIEJIOBATEILHOCTL Mep, rojiarast my, := vazl 2k0=60%, | ¢ npn k € Ny.

Tast kazkaoro k € Z nonoxum wi(y,z) = (uw(Br(y))) 2 (u(Bi(z))) 2
put (y, z) € X x X. OT™Merum, 4ro B ACiCTBUTETHBHOCTH, KOHKPETHBI BHIOOD
dyuknuit wi, k € Ny He crosib BaxkeH. Bce nmpuBojuMble HUXKE PE3YJIbTaThI
ocranyTcs B cuiie npu 3amene pyukiuit wy, k € Ny na dynkinun wy, k € Ny,
OTJIMIAIOIIMECs OT HUX He DoJiee YeM B KOHCTAHTY pas.

lpui € {1,... N} u f € L'(Hq,|s), nna moboro k € Z momoxum
AP@) = f Fa)dHa), wes

Bonee Toro, mpu 4,5 € {1,...N} u f € Li*(Hg,|si) N L (Ho, | ), mas
Joboro k € 7 paccMOTpUM JIBOHOE yCpeJIHEeHUe

A7 (f) : ][ ][ (=) dHo, (v )dHe, (=), (y,2) € S'x7.

y)NS? Bi(z)NSI

IIpn f € ﬂf\ile(Hgi | i) TOsTOXKIM

G(1) = (332000 [ vty 2)5) — JCIP s () ()

i#) k=1 S

0L2(f) = (33 200 // wely, 2)|AL) — AL P M, (9)dHs, ()

i#j k=1

0L(f) = (3 2t // Wiy 2) (A () . 2))F dHo () dHy, (=)

i#j k=1 E”
B sermenpusensnnbix bopmymax ¥y = {(y,2) € S* x S/ : d(y,z) < 27F1.

Ormernm, 9To pelyabrarhl §3.1 ecTecTBEHHBLIM 00Pa30M PACATAIOTCS Ha,
JIBa, PUHIMITNAJIBLHO PAa3HBIX cjydas. B mepBom ciydae Mbl Mpejnosaraem,
aro 01(S) > 0. B §3.1 mpu s > 0 MbI HATTOMHHAEM OTPEJIEJIEHUS TIPOCTPAHCTB
Becosa B (Hy, |s:) == B, ,(He,|5i), ecim 0; > 0. Coorsercrsyiomuit kpure-
puit Ha cien npocrpancTsa CobosieBa hOPMYIUPYETCsT CIEAYIOMIM 00Pa3OM.
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Caexacreue 3.1.66. Oynwyus f € NN, L,(He,|si) npunadaescum npo-
LY
cmpancmey W, (X)|§° 6 mom u moavko mom cayuae, ecau f € MLy By 7 (Ho,|s)
u Qﬁg)(f) < 400 npu nexomopom | € {1,2,3}. Kpome moeo,

N
1 vy ey o = Z HfHBl_‘j;(Si) +6LV(f), 1e{1,2,3},
=1 P

20e cOOmEEMCMEYIOULUE KOHCTNANMbL IKGUSAACHIMHOCTU He 3a6UCAM 0m. |
u cyuecmeyem my-onepamop npodossicenun Extg fm,y € [,(Wpl(X) el Wpl(X))

Bo Bropom cityuae mbl pejionaraem, 4ro S = STUS?. Tlpu srom 01(S) =
0, a §5(S) > 0. B takom ciryuae uMeeM cyieiyommuii Kpurepuii.

Canencreue 3.1.99. Oyuryusa f € N7y L,(He,| i) npunadaescum npo-

6

cmpancmey W (X)|§° 6 mom u moavko mom cayuae, ecau f € ]311,_?2(7‘-[92 | 52),
ffLle € L,(S, 1) u QEZ()?’)(f) < 400. Kpome moeo,

[ T ymo 2 11 125t + ||J"ﬁ,tiLS1 Iz, (st + HfHB;‘ePQ(s2> +GLY(f),
2de KOHCManmylL 9K6UBAAEHMHOCTIU He 3asucam om f, u cyuecmsyem my-
onepamop npodoavcenua Extg (my € LW, (X)[5°, W, (X)).

B §3.2 mbI uzyuaem mpobsieMy KOHCTPYKTHBHOIO TIOCTPOEHUS MPUMEPOB
nocenosarenpaocreit {mg} € M5 (T) B coryqae, korma I' — npocras (1o ecth
6e3 camornepeceuennil) cipsmiisieMast Kpusas B R? 110JI0KUTELHOMR JIJIUHbI,
Bamerum, 4To, BOOOIIE roBops, I' He siBJIsieTcsi KyCOYHO KOPErYJIsIPHBIM 110
Ansdopey-asuny MHO:KecTBOM B R2,

Nwmest B pacropsizkeHnr KOHKPETHBIE KOHCTPYKIINN MOCJIEI0BATEIHLHOCTEH
mep {my} € M (T), Mbl mostyuaem ynpomgnuoe (1o cpaBHEHUIO ¢ Teope-
moit 2.6.1.) BHyTpeHHE omucanue H! | P-TIPOCTPaHCTBA CJIEIOB MTPOCTPAHCTBA
Cobosnesa W, (R?) Bo Beem jmanasone p € (1,00).

B §3.3 perena npobiema onucanus cieja npocrpancrsa Cobosiesa I/Vp1 (X)
HA NPOU3BONLHOM HENYCTNOM 3AMEHYMOM NoIMHoNMcecmee S (Q-peryisipHoro
1o Anbdopcey M.i.M. X Ip# yeaoBun, 910 p > (). Tem caMbiM, MBI ITOJTyIaeM
ecrecTBenHHoe 0bobmenne ogroro n3 kputepuen I1. IIsapimana®.

YHeTBEpTad riaaBa 10CBsIIEHA UCCJIEJ0BAHUIO CBONCTB MOPUCTOCTH MHO-
kectB B R”, n € N.

Ha nporskennn riasol pukcupyercs auciao n € N, Hepes () Oyaem 060-
3HaYaTh 3aMKHYThIH KyO B R" ¢ pebOpamu napaJjjieibHbIMU KOOPIMHATHBIM

ocsiM, a uepes [(Q) — ero jyuny pebpa.

63Shvartsman P. Sobolev W;—spaces on closed subsets of R” // Adv. Math. — 2009. — Vol. 220. — NG.
- P. 1842-1922.
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Kax oTMeuasiocs BoIIle, B INTEPAType JTaBHO U3BECTHBI PE3YILTATHI O TOM,
9TO “IOCTATOYHO CHUJIbHAS MOPUCTOCTL MHOXKecTBa S C R" Baedér 3a coboii
HAJIMIMEe COOTBETCTBYIOIIETO OIPAHUYIEHUsT CBEPXY Ha €ro PazMepHOCTh d 110
Xaycnopdy, KoTopasi HeOOXOAUMO OKa3bIBaeTCst MeHbie 1. OHaKo, 0OueBu/I-
HO, (baKT TOTO, YTO PAZMEPHOCTH MHOXKECTBA, MEHDIIE UeM Pa3MePHOCTL 00b-
eMJTIOIIETO MMPOCTPAHCTBA, HE XapaKTePU3yeM MOPUCTOCTH 3TOTO MHOXKECTRA.

MpbI ke B HAIUX HCCIIEJIOBAHUSX WJIEM B HEKOTOPOM CMBIC/IE B MPOTUBO-
IOJIOXKHOM TI0 OTHOIIEHHIO K MPELIAYIIAM UCCIETOBAHUSIM HAIPABICHUH.

3aMeTnM, 9TO MOPHUCTBbIE MHOYKECTBA BO3HHUKAT B (DYHKIHOHAJE THIIA,
Becora B Teopeme 2.6.1. Bosiee Toro, 3aBUCHMOCTD MOPUCTOCTH KyOOB () OT
nosefenus HE (Q N S) apigercs ojHuUM U3 KPaeyroJbHbIX KaMHeil 1pu J10-
Ka3aTeJIbCTBE OCHOBHBIX PE3YJILTATOB IVIABLI .

[Iyctes S C R" Ilpn d € [0,n], A € (0,1] momoxum Fg(d,\) = {Q :
HI(@QNS) > MUQ))Y u onpenemum (d, N)-moacmoe omnocumenvo S
paccmoanue OT Tpou3BoJbHON Touku y € R™ \ S 5o S mo dhopwmye

lnf{l(Q)QGFS(da)‘)a yEQ}? {QefS(daA)yEQ}#wa
+oo, {Q € Fs(d,\) :yeQ}=0.

[Tpu 6 > 0 mbl rakxke onpejeaum (d, A)-moacmyro §-okpecmuocms MHOKe-

cra S 110 popumyite S5(d, A) := {y € R": Dgg(y,5) < d}.

B §4.2 MBI IOCTPOUM ICEBJIOMETPHUKY p = pgqx Ha R" n mokaxkem, 4T0

DS,d)\(ya S) =

Ss(d, \) siByistercst -OKPECTHOCTHIO MHOYXKECTBA S B MCEBJOMETPUKE .

B §4.3 mbl passusaem muen FO. Herpycosa®, uro nossosser sanoxuthb
TEXHUIECKUI (DYHIAMEHT, HEOOXOIUMBII JIJIsI I0KA3aTeILCTBA OCHOBHBIX TE€O-
peM B HocJjeyiomeM naparpade.

B §4.4 noka3bIiBaloTCsi OCHOBHBIE PE3YJIHTATHI IJIABHI.

Hagee cumBosr L™ — kitaccudeckasi n-mepHasi mepa Jlebera.

Onpenenenne 4.4.33. s muoxkectsa S C R”, kyba () u mapamerpa
v € (0,1] ckaxkem, aro MuoxkectBo U C @ strisiercst (S, y)-noaocmuio Ky-
6a @, eciu U C Q\Su L"(U\S)>~((Q))". Byuem roopurh, uro ky6
apaistercst (S, 7y)-noavm, ecu cytecryer (S, y)-mosocts U kyba Q.

[lenTpaabHblil pe3yJbTaT TJIaBbl 4 COCTOUT B CJIELYIOIIEM.

Teopema 4.4.50. ITycmv d € [0,n), X € (0,1) u A € (0,1). Toeda
cywecmeyrom koncmanmo y = y(n,d,X) € (0,1] u d = d(n,d,\,\) € (0, 1)
maxue, wmo daa mobozo muoocecmsa S C R, abozo kyba Q ¢ daunot
pebpa | = 1(Q) € (0,1], ydosaemeoparowezo ycarosuro HL(Q N S) < N,
u 06020 6 € (0,0] mnoocecmeo Wy (Q) := Q \ Sg(d, X) asazemea (S,7)-

nosocmvio kyoa Q).

64}0.B. Herpycos FO. B. Crexrpanbusiii cuares B npocrpancrse CobomeBa, mOpoKIeHHOM HHTEIPaIb-
HO}t Merpukoit // 3am. mayd. cem. IIOMU. — 1994. — T. 217. — C. 92-111.
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XOopol1110 U3BeCTeH CJIeLyIonuii (hakT, KOTOPDI, II0-BUIUMOMY, CTOUT CUU-
TaTh (POJILKJIOPOM.

Ipenoxenne A. Iycrs d € (0,n) u S € ADRYR"). Torma cyme-
cryer Takoe uucio o € (0,1), uro S € PORE"(S9).

K coxaJleHnio, aHaJor npejioKenuss A He CHpaBejJiuB JiJIst d-TOJICTBIX
muoxkecTs. Ounako, 13 TeopeMbl 4.4.50 BbITEKaeT CJIEAYIONNH PE3y/ILTAT.

Teopema 4.4.60. ITycmv d € [0,n), A € (0,1). Jas 06020 X € (0,1)
cywecmeyem koncmanma T = 7(n,d, A\, \) € (0,1) maxaa, wmo daq a06020
mmoocecmea S € LCRYR™, N) woboti ky6 Q ¢ daunoti pebpa 1(Q) € (0,1]
uHL(QNS) < MUQ))? asasemea (S, T)-nopucmoim.

B §4.5 npuBoasTCs NPUMEPDI, JIEMOHCTPUPYIOIIUE TOYHOCTD Oy YCHHbIX
B §4.4 pe3ybTaToB.

IIaras raaBa nocssiiieHa rnpobseme “movTu TOYHOTO BHYTPEHHErO OTTH-
cannsi ciegos npocrpancrsa Cobonesa W) (R") na kommakrax S C R”,
n > 2, B caydae p € (1,n] 6es xaxur aubo donosnumervrolr npednono-
orcenuti ommuocumenvro pezyaaprocmu S. LoBopst HedOpMabHO, JIJIS CKOJIb
YIOJIHO MaJjioro € > () MbI OCTPOUM HGAHAXOBO MPOCTPAHCTBO X (£), KOTOpOe
COJIEPIKUT VVp1 (R™)|s u copepxurcs B WI){&(RTL)‘S. [Ipu s1OM, HOpMa DyHK-
nnn B X(€) “3a1a6TCs BHYTPEHHAM 00pazoM”.

B §5.1 cobpatbl HEKOTOpPBIE MpeIBAPUTEIbHBIE CBEJICHUSI.

ITycrs Muoxkecrso S C R” raxoso, uro H(S) > 0 upn nexoropom d €
(0,n). Ilycrs Dy, k € Z — cemeiicTBO Beex TBOMUHBIX KyOOB ¢ JITHHON pebpa
27% a Dy := Upen, Dy IIpu A € (0,1] nonozxum DF5(d, ) := {Q € D, :
DHL(Q N S) > AM(Q)?}, rne DHE, — apowunsiii d-obxsar mo Xaycaopdy
(TO ecTb COOTBETCTBYIONIME OKPbITHs 00pa30BaHbl JBOMIHBIMEI KybaMu), a
[(Q) — nmna pebpa Kyda Q.

Baxkneiimeit KoHnenueii, BBeJIEHHON B §5.1, sSIB/IsieTCsI HEKOTOpOoe 00001IIe-
Hue onpejiesienus 2.1.1. Ha ciiy4dail IpOU3BOJIbHBIX 3aMKHYTHIX TTOJMHOXKECTB
R". Hasee upu x € R™ u [ > 0 vt nosaraem Q(z) = [0 [x; — L 2+ ],
anpu k € Z, m € Z" nonaraeM Qp, = [ [}, [57, m2f{1]

Onpenenenune 5.1.5. [lycrs d € (0,n], a S C R” — 3amkHyTOE MHOXKE-

c1TBO, yaosaersopsiomiee yeaosuio H (S) > 0. Ckazkem, 4To n0CIEI0BATEb-
HOCTH GOPEJIeBCKHU peryJisipabix Mep {my, } sBisiercs d-nociedosamenvrocmuio
DPpocmmana na S, €CIy BLIIOJHEHDI CJICLYIOIUE YCAOBUSL:

(FM1) suppmy, = S st Beex k € Ny;

(FM2) cymecrsyer koncraura Cy > 0 Takast, uro jis joboro k € Ny

m(Qi(z)) < C? mpumBeex € R" wmseex 1€ (0,27
(FM3) cymecrByer koucranta Co > 0 Takas, aro jjs jgoboro k € Ny
M (Qrm N S) > CoHL (Qrm N'S) 1pn Bcex m € Z7;
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(FM4) my, = wypmg mpu wy, € Loo(mg) st roboro k € Ny, u cymectByer
takas koncranta C3 > 0, uro mud Beex k, j € Ny cnpaBeyinBbl HepaBeHCTBa

(Cs) 12y (2) < wi(z) < Cswypj(z) upn mo—mB. € S.

Kaace scex d-nocaedosamenvrocmet Ppocmmana na S oboznaamm FIM(S).

B §5.2 BBOAATCS HOBBIE MOHATUS W JOKA3BIBAIOTCS BCIOMOTATENBHBIE Pe-
3YJILTATHI, SIBJISAIOIIMECH TEXHUICCKUM (DYHIAMEHTOM JIJIs JlaJbHei1nero.

[TepBoe KJI0U€BOE OIpejieeHUe 3BYUUT CIIELYIONMUM 0OPa30M.

Onpenenenne 5.2.5. [lycto d € (0,n] nu HL(S) > 0. Ilpu A € (0,1]
uc > 1 s kyba Q C R onpepennm (d, A, ¢)-6awmnio kyba () paBeHCTBOM
Tir.(Q) ={Q : Q € DFs(d,\) n Q C cQ'}.

Bropoe kjtouesoe omnpejiesenne 3By IUT CIELYIONMUM 00pa3oM.

Onpegenenne 5.2.9. [Tycrs uncao d € (0,n] maxoe, uro HE (S) > 0.
[Tycrs A € (0,1], ¢ > 1. dust 3ayiannoro kyba Q € Dy OyjieM roBOPUTD, 4TO
ky6 Q € D, swngerca (d, ), c)-naxpvisarouyum daa (), €CIE CIPABETABLI
CJIeJIYIOIIUE YCIIOBUS:

(C1) 1(@Q) > Q) n Q C T

(C2) Q € DFs(d, A):

(C3)eciu Q' €Dy, Q CQ ul(Q) € (1(Q),1(Q)), o Q' ¢ DFgs(d, ).

Hust xyba @ € D, obosnaunm qepes Ky (@) cemeiictBo (BO3MOXKHO,
nycroe) Beex (d, A, ¢)-HakpbiBamomux Jyist () Ky6os.

Omnpenenenne 5.3.6. [Iycts d € (0,n] n nycts S C Qoo — KOMIIAKT,
ysossersopstomuii yesiosuto HE(S) > 0. Iyers A € (0,1] u ¢ > 1. Ilyers
{m} € 3MUS) u f € Li({m;.}). Ipu 2 € R” nosnoxum

Fooy (@) = supl(Q ffu )| dm(y) dm(2),

rJie CynpemMmyM B3fAT 110 BCeM TakuM napam Ky6os @, Q, uro:

(fl)z e cQ u Q, Q € DFs(d,\);

(£2) 0 < Q) < (@) < 1;

(f3) Q € ICd,A,c(Q)-

Ecnm e cymecrsyer napn Ky6os @, Q, ynosaersopstomeit yeaosusm (£1)-
(£3), To mosaraem ffmk}’)\7c(zz:) := 0. Orobpakenne r — f{hmk}v/\’c(x) HA30BEM
dsounnotli 0600UEHHOT Makcumarvrot Gynruyuet muna Kaarvdepona.

Oupepenenne 5.3.9. Ilycrs d € (0,n], a S C Qoo — KOMIaKT, yJi0-
BJICTBOPSATONTUI YCTIOBHIO Hg;(S ) > 0. s 3aannoit 6opesieBekoit (hyHKIHN
f S — R ckaxem, uro x € S — d-pezyarapnas mouka f w Oygem nu-
carb & € Sy(d'), ecim s kaxoi nocieoparenbroctn {m)} € FMY(S)
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CIIPaBEJJINBO PABEHCTBO

I — f(y)ldmj(y) =0 V' >1,¥\ € (0,1).
dm e o, I @) = F)ldm(y) ¢ 2 (0,1)
Q

Ecnn npu nexoropom k € Ny muoxectso Ty v «(x) N Dy, mycTo, TO COOTBET-
CTBYIOIMII MAaKCUMyM cduraercss pasHbiM Hyso. depes Sy(d) obosmatnm
MHO0HCECME0 6cex d -pe2yrapnu movex f .

Tenepb MBI TOTOBBI BBECTH HOBOE (DYHKIIMOHAJILHOE MPOCTPAHCTBO.

Onpepesenne 5.3.11. [Iycrs d* € (0,n], a S C Qo — Takoil KoMIaxT,
aro \* = HL(S) > 0. Iyers A € (0,1] m ¢ > 1 — HexoTopwie BUKCHPO-
pamubie Koncrantol. Ilycrs d € (0,d*] u {m;.} € FMY(S). Ilpu p € (1,00)
Oymem FOBOPHTE, 4TO oopesiepckast pynknusa f 1S — R npunamiexxnt mpo-
CTPAHCTBY ip,d, (my} (S), €CIM BHITIOTHEHBI CIIE/LyIONIHe YCIOBUS:

(1) HY(S\ S¢(d')) = 0 st Beex d' € [d, d*];

(2) K/},’)\7{mk}’c(f) < 400, IJie MBI [I0JIAraeM

Notmagrel) = Iy nell @y N gmed () = 111, tmo) TN i e (F)-

Onpenennm ng {mk}(S ) Kak (akTop MpoOCTPAHCTBO, TO €CTh

. — ~d _
X it (9) = Xyt ey (/S € X fmn () = Ny gy re(f) = 0.

Crabanm Xg,d,{mk}(S) HOPMOii, 3aiaBaemoii Gynximonanom N 3 e TO

e, npi [f] € Xy ,(S) nosomme [, is) = Npmprclf).
B §5.3 noka3sbIBaeTCss KOpPEKTHOCTD olpejeseHus 5.3.11. u ycranapmBa-

IOTCS HEKOTOPBIE MPOCTEiIe CBORCTBA MPOCTPAHCTBA ng {mk}(S). Kpowme
TOTO, YTBEPKIACTCS, ITO ngd) {mk}(S) — HaHaxoBO MPOCTPAHCTBO, HO JIOKA-
3bIBAETCs ceil pakT jasee B §5.7.

B §5.4 npuBeieHa KOHCTPYKITHST HOBOT'O OIIEPATOPA, TIPOIOTIXKEHUSI.

B §5.5 uzyuatorcst Bonpocsl cxogumoct B Ly,(R™) crerupasbmoit ammpok-
cumupytei nociegosaresbnoctu { fi}, BBesgnnol B §5.4, a Tak»xke BONPO-
Cbl OrpaHuueHHocTH nociegoBaresbhoct {fr} B upocrpancrse CoboJsiesa
I/Vp1 (R™). Ha ocroBe 9Tux pe3ysnbTaToB 3aTeM yCTAHABIUBACTCS TaK HA3DI-
BaeMmas “‘obpaTHas TeopeMa O CJIeJie’, sIBJISIONAsACs TePBbIil KPaeyroJabHbIM
KaMHEM JIJIsI JIOKA3aTeIhbCTBa, OCHOBHON TEOPEMBI TJIaBbI J.

B §5.6 jqoka3biBaeTcss TaK Ha3bIBaeMas ‘TIpsiMasi TeopeMa O cjeje’, KOTO-
pasi sIBJISIETCs BTOPBIM KpPaeyroJibHBIM KaMHEM JIJIsi JIOKA3aTeIbCTBa OCHOB-
HOW TeOpeMbI TJIABBI O.

B §5.7 dopmynupyercst u JI0Ka3bIBAETCsl OCHOBHON PE3yJIbTAT TJIABBI, KO-
TOPBIH 3aKII09aeTcdA B caeaytonieil Teopeme. Hanomunm onpenenenne 1.3.19.
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u nonozum W)HR")|E = W]}(R”)\?d 5 e HE | s — orpanuyenue d*-mepbl

Xaycnopda na S. [lyers orobpaxkenue Iye | cTaBuT B COOTBETCTBUE KazK0i
6openesckoit dbynknun f 1 S — R ed HY | s-xnace sxpupasenTHocTH Ha S.
Teopema 5.7.15. Ilyemov p € (1,n], d* € (n — p,n] v e* := min{p —
(n—d*),p—1}. Hycmo S C Qoo — Komnarm, ydoeaemeopaousut Ycao6uio
* = HL(S) > 0. Hyemov X € (0, \*) uc > 7 — npouscoavvie nocmoANvie.

Tozda Ve € (0,€%), Vd € (n — p, n—p+e)uV{m} e Fms)
Wy (RY)|s € X5 g m, ) (5) € W,(RM)§
Kpome mozo, das mobvix ¢ € (0,e%),d € (n—p,n—p+e) u{m} €
Sﬂﬁd(S) cywecmeyem xoncmanma C' > 0 maxaa, wmo
1 n
Al T (s (D llw g < Ml S ClFllwpgeys VS € W, (R")]s,

1 n (1

o sd{mk}(S),Wp%(R )) maxot,
umo Tr|§ o Extg (m,.\ cosnadaem ¢ Lya g M Xp e {my} ()

[lesbio TII€CTOM TVIABBI SBJIAETCS OCTPOECHUE TEOPUU JIBYX HOBBIX IIKAJ

u cyuecmeyem onepamop Extg fmy\ € E(

IIPOCTPAHCTB BecoBa mepeMeHHoil TaKOCTH.

Ha npotrsizkenun Beeit TinaBbl cuntaeM (DUKCHPOBAHHBIM €BKJIMJIOBO IPO-
crpanctBo R”, n € N. Ilox secom mormMaeM M3MEpUMYIO IMOUTHU BCIOIY ITO-
noxutrenpiyio dynkiuo. CkaxkeM, ato {t;}72, — BecoBas I0CIIe0BATEIb-
HOCTD, €CJn Ty, — Bec mpu KaxkjaoMm k € Ny.

B §6.1 mbl HanloMmuraem HekoTopbie (hakThbl u3 Teopun npocrpancts S,(R™),
3JIEMEHTAMHU KOTOPOIO SIBJISIOTCS PACHpe/eseHrs ¢ He 6oJjiee YeM SKCIOHEH-
MUAJbHBIM POCTOM Ha O6ECKOHEYHOCTH.

B §6.2 MBI BBOJMM OJIHO N3 KJIIOUEBLIX TTIOHATHUIT JJAHHOM ry1aBbl. A MMEHHO,
Mbl OIIPEJEJISIEM HOBbBII KJIACC BECOBDIX 110C/IEI0BATEILHOCTE].

Omnpenenenne 6.2.6. [Iycts p, 01,09 € (0, 00]. [ycts ol := {a}}, o® =
{a?} ~ noceoBaTeNILHOCTH MOJTOKUTEILHBIX BEIECTBEHHBIX THCEI, 1 (i3 €
[0, 400). Honoxum o := (01,09), o := (a', ). Yepes X% obosnauum
MHOKECTBO BCEX TAKUX BECOBBIX Hociegosarensuocreit {t} = {t,}72,, aro
pu HeKOTOpbIX C1, Cy > 0 BBIIOJHEHBI CJIEIYIONIIE YCIOBHS:

1) st mo6wix k,j € Ngum € Z"

1 1

(7[ th(x) da:)p(][ t:7 () da:)gl < Cl%, ecoim 0 < k < 7;

Qk,m Qk,m J
2) st sio6bix k,j € Noum € Z"

ok £ P (z) da K t7?(x) dz g <Ca—‘? 0<k<j
v : SCg, ecn 0<E<).
k

Qk,m Qk’,m
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(ecim 01 = 00 WM 09 = 0O TPEOYIOTCsT CTAHIAPTHBIE MOTUMUKAIINN ).

3) st moboro k € Ny mepasenctso 0 <ty ,, < 2%ty CIIPABEIIHBO IS
Beex Takux m,m’ € 7", aro ||m —m/|| < 1

Hanee B §6.2 Mbl m3ydaem npocreiiinme CBOWCTBA BBEJIEHHBIX KJIACCOB
OCJIEOBATEILHOCTE M MTOKA3BIBAEM, UTO OHHM BKJIIOYAIOT B CeOS KJIACCHI
Was ,,, BBEIEHHbIE B craThe’?, Kak "acTHBI Coydail.

B §6.3 pmarorcst onpejiesiennsi JByX HOBBIX ITKaJI MpocTpancTB Becosa me-
PEMEHHON TJIaIKOCTH.

Ipu r € (0, 00], | € N iz mobwix kyba Q 8 R" n f € L(R™) monoxkum

Q) = (27UQN™ oy fyrog | W f(@) dhdz) ", wre 1 = [<1,1)",

Al(R) f(z) := Zézo Cif(x +ih) (upu r = 00 MoaUdUKAIUU CTAHIADTHDI).
Omnpenenenne 6.3.4. Ilycts p,q,r, 01,09 € (0,00], ag > 0. Ilycts

ol :={a;}, a? ;== {a2} — mocie0BaTENBLHOCTH IONOKUTEILHBIX BEIECTBEH-

~I
npix gucest. [Ipegnonoxknm, aro {t.} € X% . Hepes B, .({t}) obosnaunm
jmneitHoe poctpancTBo Beex f € LPY(R™) ¢ xoHeuHoi Kbasu-HOpMOil (c

OYEBUJIHBIME MOJUMDUKAIUSIMHI TTPU § = 00)

1
By ({t1}) = (Zuml (27 D)UY )"+ W0l ey

Hns moboit dbyrknmn g : R” — R momoxum gy, := 2" ¢(2%-) mpu k € N.
Omnpenenenne 6.3.10. [lycts p, g, 01,09 € (0,00], a3 > 0, aal := {a} },

a? := {ai} — N0C/e0BATELHOCTH TIOJIOKUTEILHBIX BEHIECTBEHHBIX HCEJ.
Mpeamonoxkum, uto {tp} € X5 . Hycrs @9 € D(R"), [@o(z)dr = 1.

Honoxum @(x) = @o(x) — 27"po(5) mpu = € R”. LIepe3 B ({te}) =
B0 (R", {tx}) obosmaunmm jumeiinoe mpocTpaHcTBo Beex f € Sé(R”) ¢ KO-
HEYHO KBa3u-HOPMOI (¢ COOTBETCTBYIOMUMU MOJMQPUKAIUAMU [IPU ¢ = OO)

Il (Z st DI )

B §6.4 mbI HantoMuHaeM (POPMYITY JIOKAJIHLHOTO HpeJICTaBIeHsT PhiuKoBa
57

57
)

a Tak»Ke MOAUMUIIIPYEM HEKOTOPbIe MeTOJbl paboThI’’, 4TOOLI ClesaTh MX
IPUMEHUMBIMUI JIJIsI PACCMATPUBAEMbBIX HAMU 3a/1a4.

B §6.5 ycranaB/nBaeTCst OJIMH U3 KJIIOYEBBIX PE3YJIHTATOB TJIABbI, & HMEHHO
MbI JOKa3bIBaeM KOPPEKTHOCTDH omnpesenennsa 6.3.10., koTopas 3aKJIi0qaeTcs
B HesapucuMocTn npocrpanctsa BY ({tx}) or Bb160pa dbyukmun pg. Ipu
¢ € D(R") uepes L, oboznaumm TGO HYJIEBBIX MOMEHTOB (DYHKIUU (.

Teopema 6.5.1. IIycmv p,q € (0,00], 01 € (0,400], 09 > p. Ilycmo
{al} = {28}, {aF} = {2F2) ar,00 € R, a3 > 0 u {ty} € X% . Ipeo-

a,0,p*
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noaoocum, wmo (o, po € D(R™) f wo(z) dx = f Co(x)dx = 1. Tozda, ecau
ay <14 L¢ npu ¢ = ¢y — 2 ”CO(Q), mo cymecmeyem maxoe C > 0, wmo

1 s, ey < Cllf gy VS € Se(R™).

B §6.6 MBI HanmoOMUHAEM HEKOTOPBIE 3JIEMEHTHI TeOpuu B-cIiaiiHoB, a 3a-

TeM JIOKa3bIBaeM TeopeMy 00 aTOMapHOM pazJioxKeHun QyHKIUi 13 §;7q7r({tk}).
B §6.7 MBI u3yvaem CBsI3W MeXKIy ITKaJaMu MpocTpaHcTB Becosa mepe-
MenHof riaikoctn. Sadukcnpyem ¢y € D(R™) Tak, uro [ ¢o(z)dx = 1 u
MONOKIM @ = o — 2 "¢g(3). Ipu moGom j € N nosoxkum ¢; = 27"p(27).
OcHoBHO# pesyJibrar §6.7 1 Beeil MecToil TJIaBbl COCTOUT B CJIEYIOIIEM.
Teopema 6.7.6. IIycmv p,q € (0,00, r € (0,p], o1 > rpl., 09 > p.
Iyemo {0y} = {281}, {ai} = {272}, u npu omom oy > max{Z — n,0},
min{Lw + 1,[} > i, a3 € [0,+OO) U {ka} e X Tozda BC'OO ({tk})

Q,o,p°
§;7Q’T({tk}) cosnadatom Kax AuHetHble NPOCMPAHCMEA, 4 COOMBEMCIMEYI0-
ULUE KEAZUHOPMDL IKGUBANECHITHDL.

B §6.8 npuBogsATCs MpUIOKeHWsT pe3ysabraTroB §6.7 K mpobJemMe TOUHOTO
OIMCAHUs CJiejia BecoBoro npocrpancrsa CoboJieBa Wé(R”+d,7) C BECOM 7Y
u3 JoKasILHOro Kiacca Makenxaynra A (R"9) na nnockocrn R™ x {0}

Haxowerr, §6.9 mocssitiier mocTpoeHUIo TeOpun MpocTpancTB Becora mepe-
MEHHOM TJIQJIKOCTH Ha, JIMIIIKIEBbIX 00JIaCTsIX.

B szak/ounTennbnoii ceabMOM TJIaBe pelleHa MpobjeMa TOUYHOTO OMUCa-
nus ciefia Ha runepiiockoctn R” npocerpancrsa Cobonesa W (R ~), 1 €
N, ¢ BecoM 7, IpHHaIesKaIM Kaaccy Jokaiasnomy Makenxaymnta Al°¢(R™H),

Badukcupyem n € N u oroxjgecrsum R" ¢ FI/IHepHJIOCKOCTb}O R" x 0 B
R Tlomoskm W](RT ) |ge = WEHRM )y Ty g o= T2 1,

B §7.2 mbr dukcupyem [ € N, I > 1 u Bec v € AR, TIpu k € Ny,
m € Z" nojoxnm ka = [T, (5% m“Ll) [Lﬂﬂ aioboro k € Ny onpegennm
Vi(z) = 2k S X3, (@) foka 024 (' t') dx’ dt’ mpu x € R™. Oc-
HOBHOH Pe3y/IbTaT §7.2 COCTOUT B CJIé,B;yIOHLeM.

Teopema, 7.2.1. Oaemenm f € LY°(R™) npunadaesicum npocmpancmey

~I
WHR™ ) |[ge 6 mom u moavko mom cayuae, ecau f € Byq (R {v}).
Kpome moeo, cywecmesyem xoncmanma C' > 0 maxas, wmo

1 ~1 n
g e gy S Mm@ S CUE | oy ¥ € Bran® L),

~1
u cywecmeyem onepamop Ext € L(By 1 (R", {n}), WI(R™™, 7)) marot,

~I
umo Tr |gn 0 Ext = Id na npocmpancmee By 1 1 (R”, {71}).
B §7.3 MblI pemraem 3ajady o cieje B caydae | = 1. Sadukcupyem Bec
v € AR, TIpu A C Ny X Z" MHOKECTBO JBOMYHBIX 3aMKHYTBIX KyOoB

33



T = {Qu}aca Oynem HaszbIBATL YKAGIKOT npocmpancmea R" | ecam pasiimd-
Hble KyObl B HEM MMEIOT HellepeceKalonuecsa BHyTpeHHOCTH U R™ = UyeaQy.
Ckaxem, uro ykiaajgka T = {Qu Yarea caedyem sa yxaadroti T = {Qa}aca
(muarem 77 <X T'), ecam kaxjpiii Ky6 Qq, o € A', ykaajuku T" copepxurcs
B HEKOTOpPOM Ky0e (Qn, o € A ykmagku 1. Ecin mis moboro s € Ny 3ama-
ra ykaagka 1% = {Q% }aeas, A®° C Ny x Z", npocrpancrsa R" Ttakas, aro
Tt < T% upn Beex s € Ny, To nocaejoparenvuocrs T = {T%} = {T%}2,
HA30BEM cucmemoti yxaadok npocTpancTsa R™.

Hamee 2()—ky0 ¢ Tem Ke 1IeHTPOM, ITO 1 y (), HO ¢ BABOE 60ﬂbme1'71 JUTHHOM
peopa. Ecin a = (k,m) € A®, 1o nosaraem 75 = foka 0.2 ~v(x,t) dxdt.

Ompenenenne 7.3.9. Ilycto ¢, co > 1. Cucrema yK/aJIoK T {T*} =
{T*}22 (1, ¢2) mpocrpancrBa R (T% = {Q% }acuas, s € Ny) naznisaercs do-
nycmumoti daa vy, eciu npu Jiob6oM s € Ny BLIIOJHEHDI CISLYIONIIE YCIOBUS:

(T1) Va, o € A® ecim 2Q% N 2Q%, # &, TO fya s

(T2) Va € A%, o/ € AT ecain QS+1 C Q3,107 < eyt u S < ey

(T3) max{l(ijl) sz €2Q0} < T min{l(Q3) : x € 2Q3} Va € R

(T4) 1(Q?%) > 275, a € A®, a1 HeKOTOPO#i CTPOrO BO3PACTAIONIEH MOCTe-
JIOBATEJILHOCTH TIeJIbIX YKUCEeI {lj}ﬁo upu Iy = 0.

Onpenenenne 7.3.58. Ilycrs ¢1,¢co > 1. Yepes Z = Z({Vkm},c1, C2)
06o3HauuM JiHeitnoe npoctpanctso seex f € LPC(R™), st KoTopbix

£l =t 3 30 5 2 [ 5@~ F 1] et 3 Fvnl i < +oo

s=1 OCEAS QQS 2@‘5 mezn

rjie MHUMYM B34AT 110 BCeM JIONYCTUMBIM JUis Y cucTemaM yKiaajiok T,

B omnpenenenun 7.3.58. npu s € Ny muoxecrso A° C A° crpourcs me
3aBUCSIIM OT © COCOOOM Tak, dTo cemeiicTBO Kybor {int 2Q)% } sBisercs
nokpeirnem R™ kparnocrun < (n + 1)2".

OcHoBHO# pe3ysbrar §7.3 3aK/II0UAETCA B CIEIYIONEM YTBEPK ICHUH.

CaencrBue 7.3.61. Cywecmeyrom maxue wucaa ci,co > 1, wmo ane-
menm f € LP(R™) npunadaesicum npocmpancmey Wi(R"™ 4)|ge 6 mom u
MoAvEO mom caysae, ecau f npunadaescum npocmparemsy Z = Z({Yim} €1, C2).
Kpome mozo, cywecmeyem xoncmanma C > 0 makas, wmo

1
clfllz < Ifllwi s e < Clifllz VS € 2.

Haxoneu, cywecmeyem ozpanuvennoe (6000ue 2060psa, neaunetinoe) omoo-
pasicenue Ext us Z ¢ WH (R ~v) maxoe, wmo Tr |gn 0 Ext = Id na Z.
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